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DERIVATIONS OF THE TWO-PARAMETER
QUANTIZED ENVELOPING ALGEBRA U/ (B,)

XIN TANG

ABSTRACT. Let r, s be two parameters chosen from C* such that

r"s™ = 1 implies m = n = 0. We compute the derivations of the

two-parameter quantized enveloping algebra UT“: ,(B2) and calculate
its first degree Hochschild cohomology group. We further deter-
mine the group of algebra automorphisms for the two-parameter
Hopf algebra UTZB (B2). As a result, we determine the group of

Hopf algebra automorphisms for UZ0(By).

INTRODUCTION

Let g be a finite dimensional complex simple Lie algebra. The two-
parameter quantized enveloping algebras ( or quantum groups) U, 5(g)
have been studied by Benkart and Witherspoon in the references [5, [6]
for Lie algebras of type A. The two-parameter quantized enveloping
algebras U, s(g) have been further studied for Lie algebras g of type
B,C, D in [I]. Overall, the two-parameter quantized enveloping alge-
bras U, s(g) are close analogues of their one-parameter peers, and share
a similar structural and representation theory as the one-parameter
quantized enveloping algebras U,(g). For instance, the positive part of
the two-parameter quantized enveloping algebra U, s(g™) is also proved
to be isomorphic to certain two-parameter Ringel-Hall algebra in [10].

Nonetheless, there are some differences between the one-parameter
quantized enveloping algebras and two-parameter quantized envelop-
ing algebras. In particular, the center of two-parameter quantized en-
veloping algebras U, s(g) already posed a different picture [2]. Besides,
it seems that the two-parameter quantized enveloping algebras U, (g)
are more rigid in that they possess less symmetry. On the one hand,
these differences make it more interesting to further investigate these
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2 X. TANG

algebras. On the other hand, these differences also make it plausible
to more effectively study the structures of these algebras.

Recently, there have been some interests in the study of the sub-
algebras of two-parameter quantized enveloping algebras. For exam-
ple, both the derivations of the subalgebra U (sl3) and the automor-
phisms of augmented Hopf algebra UES(S[g) have been determined in
[IT]. In this paper, we will study the derivations of the algebra U, (Bs)

and the automorphisms of the Hopf algebra UES(BQ). First of all, we
will completely determine the derivations and calculate the first degree
Hochschild cohomology group for the algebra U,fs(Bg). Second of all,
we will determine both the algebra automorphism group and Hopf al-
gebra automorphism group of the Hopf algebra UESD(BQ). To calculate
the derivations, one needs to embed the algebra U, (Bs) into a quan-
tum torus, where the derivations are known [9]. Via this embedding,
we shall be able to pull the information on derivations back to the al-
gebra U (By). As a matter of fact, applying a result in [J], we will be
able determine all the derivations of the algebra U, (B2) up to its inner
derivations. As a result, we show that the first degree Hochschild co-
homology group HH"(Uf,(By)) of U ,(B;) is indeed a 2—dimensional
vector space over the base field C. In order to determine the automor-
phisms of UESO(B2)7 we will follow the lines in [7]; and we obtain similar
results as those in [7, [11].

The paper is organized as follows. In Section 1, we recall some
basic definitions and properties on the two-parameter quantized en-
veloping algebras U, (B,), and establish some necessary commuting
identities; then we determine the derivations and calculate the first de-
gree Hochschild cohomology group. In Section 2, we first determine
the algebra automorphism group of UESO(BQ); and then we determine

the Hopf algebra automorphism group of UZ0(Bs).

1. DERIVATIONS AND THE FIRST DEGREE HOCHSCHILD
COHOMOLOGY GROUP OF U[ (B)

In this section, we compute all the derivations of the two-parameter
quantized enveloping algebra UTTS(BQ). As a matter of fact, we are able
to show that every derivation of UTJ;(BQ) can be uniquely decomposed
as the sum of an inner derivation plus a linear combination of certain
specifically defined derivations. As a result, we prove that the first
degree Hochschild cohomology group of Uf (B;) is a two-dimensional
vector space over the center of U7, (By), which can be proved to be
the base field C. The computation of derivations will be carried out
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via an embedding of the algebra U, (B,) into a quantum torus, whose
derivations had been described in [9]; and this embedding allows to pull
information on derivations of the quantum torus back to the algebra
U,(By). We should mention that this method has also been success-
fully used to compute the derivations of some quantum algebras such
as Uy(sly) in [8] and Ut (sl3) in [1]. In addition, the derivations of
US(By) were determined in [3] via a similar approach.

1.1. Some basic properties of the algebra U (B;). Recall that
two-parameter quantum groups U, ;(B,,) associated to the complex sim-
ple Lie algebras of type B,,n > 2 have been studied in [I]. For our
convenience, we will recall the construction for one of the subalgebras,
i.e., the algebra U/ (Bs) in the case By here. From now on, we will
always assume that the parameters r, s are chosen from C* such that
r’™s™ =1 implies m = n = 0.

First of all, we recall the following definition from the reference [IJ:

Definition 1.1 (See [I]). The two-parameter quantized enveloping al-
gebra U (Bs) is defined to be the C—algebra generated by the gener-
ators eq, e5 subject to the following relations:

eleg — (r? + s*)erege; + r?s%ezel =0,
erey — (r* +rs+ s*)egeres +rs(r? + rs + s?)esereq — rs3ede; = 0.

In the rest of this subsection, we will establish some basic prop-
erties of the algebra U/ (B;). In particular, we will show that the
two-parameter quantized enveloping algebra U, (B2) can be presented
as an iterated skew polynomial ring. As a result, we will be able con-
struct a PBW-basis for U, (B;), and prove that the center of U (Bs)
is reduced to C.

Now we fix some notation by setting the following new variables
Xl, XQ, X3 and X4Z

2
X1 = €1, X2:€3:€1€2—7” €9€1,
-2
X3 = €g€3 — S €3€9, X4 = €9.

Concerning the relations between these new variables, we shall have
the following lemma:

Lemma 1.1. The following identities hold:
(1) X1X2 = 82X2X1;

(2) X1 X5 =r?s?X3X5;
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(3) XoX3 =71sX3Xs;

(4) X1 Xy =Xy X1 + Xo;
(5) XoXs = X4 Xz — 52Xa;
(6) Xy X3 =r"ts1X3X.

Proof: These identities can be verified via straightforward compu-
tation and we will skip the details here. O

In addition, let us define some algebra automorphisms 7, 73, and 74,
and some derivations s, d3, and d, as follows:

(X)) = 52Xy, 62(Xe) =0,
m3(X1) = %572 X, (X)) = is T X,
53(X1) =0, 53(X2) =0,
(X1) = 772X, Ta(Xo) = S72X,, (X)) =17 ts X,
64(X1) = =171 Xy, 04(X2) = X3, 04(X3) = 0.
O

Based on the previous lemma, it is easy to see that we have the
following result

Theorem 1.1. The algebra U (By) can be presented as an iterated
skew polynomial ring. In particular, we have the following result

U (By) = C[X4][Xa, T2, 02) [ X5, 73, 03] [ X4, 74, 04

O
Based on the previous theorem, we have an obvious corollary as
follows:

Corollary 1.1. The set
{X?XngXZ’aa b: c, d € Zzo}

forms a PBW-basis of the algebra U (By). In particular, US (B) has
a GK—dimension of 4.

O

Associated to this iterated skew polynomial ring presentation of
US,(By), one can define a filtration of U, (B;) such that the corre-
sponding graded algebra grU/ (B,) is a quantum space generated by
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the variables X7, X5, X3 and X, sub ject to the following relations:
X1 X, = 87X, X3;
X, X5 = 15" X3 Xy;
X1 Xy =X, Xy,
X5 X3 = rsXs Xo;
Xo X, = 67Xy Xo;
X5 Xy = rsX, Xs.

Now we have the following description of the center of the algebra

U;;(BQ)I
Corollary 1.2. The center of U, (B,) is reduced to the base field C.

Proof: Let u € UJ,(B;) be an element in the center of U[ (B;).
Then u is a linear combination of the monomials X¢X$X$X¢. Then
W is in the center of grUf (B,). Let Xo Xt XS X4 be the image of
one of these monomials in the graded algebra, then this monomial
X_f@YgX_f commutes with the generators X, X4. Therefore, we
have the following

521’7“2052%’26! — 17

P27 (rs) ¢ = 1.
Therefore, we have the following
2b4+2c =0, 2c+2d=0;
20+c=0, 2b+c=0.

Solving this system, we get a = b = ¢ = d = 0. Therefore, we have
ue C. O

1.2. The embedding of U (B:) into a quantum torus. In this
subsection, we construct an embedding of the algebra U, (Bs) into a
quantum torus. This embedding shall enable us to extend the deriva-
tions of U, (B>) to derivations of the quantum torus, and later on pull
information backward. The point is that that the algebra U, (Bs) has a
Goldie quotient ring, which we shall denote by Q(U,",(B>)). Within the
Goldie quotient ring Q(U,T,(Bz)) of U, (Bs), let us define the following
new variables ’ 7

Tl == X17 T2 - X27
Ts=Xs, Ty=X,'Z'X;",
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where

7' = (X1( X5+ (s 2=rtsH X Xy) —sH(Xs+ (s 2 —r 1T H X0 X)) X1).

Let us set a new variable W = X3 + (572 — r~1s71) X5 X}, then we

have the following lemma:

Lemma 1.2. The following identities hold:
(1) X3W =2 WX, + (1 —r~ts)X3;

(2) XoW = s2W Xy,

(3) XsW =WX;3;

(4) XyW = s 2W X,
(5) X1 7' =1r?s*7'Xy;
(6) Xo2' = 7' Xo;

(7) X32' =r~2s727' X3;

(8) X4Z/ = T72872Z/X4.

Proof: Once again, we can verify these identities by brutal force

and will not present the details here.

O

Furthermore, we can easily prove the following proposition, which

describes the relations between the variables 14,715, T3 and T}.

Proposition 1.1. The following identities hold:
(1) T1T2 = SzTQTl;

(2) T\T3 = r*s*T3Ty;
(3) Ty = r*TyTy;
(4) ToTs = rsT3Ty;
(5) Ty = s TyTy;

(6) T3T4 = TST4T3.

O

Now let us denote by B?* the subalgebra of Q(Uff(Bg)) generated

by Tfﬂ7 X, X3, X4, then we have the following
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Proposition 1.2. The subalgebra B* is the same as the subalgebra of
Q(UZ(By)) generated by Xi™', Xo, X3, Xy. In particular, B* is a free
module over the subalgebra generated by Xo, X3, X4.

O
Furthermore, let us denote by B? the subalgebra of Q(UESO(BQ)) gen-

erated by T, T5t, Ty, Ty. Then we shall have the following proposition

Proposition 1.3. The subalgebra B3 is the same as the subalgebra of
Q(UESO(BQ)) generated by Xlil,chl,Xg,)Q.

O

In addition, we will denote by B? the subalgebra of Q(U/,(By))
generated by T T3 T3 T,. We denote by B! the subalgebra of
Q(U,(B,)) generated by the variables TEL T T T Tt is easy
to see that the indeterminates 17,75, T3, Ty generate a quantum torus,
which we shall denote by

Q4 = Cr,s[Tl:tlyTQ:tlaTB:tanl]'

In particular, we have the following proposition:

Proposition 1.4. The algebra Q, = C, [T, T3, T, T is a quan-
tum torus.

O
Now let us define a linear map
1: U,::S(BQ) — Q4

from U,(B;) into B! = Q4, whose effect on the generators is given as
follows
I(Xl) — Tl; I(XQ) - TQ, I(Xg) - Tg,
I(Xy) = MTy+ (8" = )Ty Ty + (s — DT
where \ = m
It is easy to see that the linear map Z can be extended to an alge-
bra monomorphism from U,7,(B;) into the quantum torus B' = Q4.
Furthermore, it is straightforward to prove the following result:

Theorem 1.2. Let us set B® = U(B;) and the following
S5 ={T1 |1 € L0}, Ea={T3|i€ Lo},
Sy =A{T5 i € Zxo}, ¥o={Ti|i€ Zxo},
then we have the following
(1) B* = B°%;



8 X. TANG
(2) B3 = Bix;!;
(3) B2 = B3%;;
(4) B! = B2 !,

(5) The center of B' is the base field C for i =1,2,3,4,5.

O

Thanks to the result in [9], one knows that any derivation D of the

quantum torus B! = @, is of the form D = ad; + §, where ad, is an

inner derivation defined by some element t € B!, and ¢ is a central
derivation which acts on the variables T;,7 = 1,2, 3,4 as follows:

5(Tz) = a;T;

for o; € C.

Suppose that D is a derivation of the algebra U, (B;) = B®. Due to
the nature of the algebras B*, B3, B? and B!, we can extend the deriva-
tion D to a derivation of the algebras B*, B3, B? and B! respectively.
We will still denote the extended derivations by D. Since B! = Q,
is a quantum torus and D is derivation of B!, we have the following
decomposition

D= adt + )

where ad, is an inner derivation determined by some element t € B*,
and ¢ is a central derivation of B!, which is defined by §(7T;) = o;T; for
a; € Cli=1,2,3,4.

We shall prove that the element ¢ can actually be chosen from the al-
gebra U:S(Bg) = B% and the scalars oy, a, g, oy are somehow related
to each other. In particular, we shall prove the following key lemma.

Lemma 1.3. The following statements are true:
(1) The element t can be chosen from U}, (Bs);

(2) We have ag = ayq +
(3) We have az = ag + au;

(4) We have D(X;) = ady(X;) + o X; fori=1,2,3,4.

Proof: We start the proof by showing that the element ¢ can actually
be chosen from the algebra B?. Suppose that we have the following
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expression of ¢ in the algebra B!:
t= Z Al,]yk,leTQJTéﬂTi
ikl
If the index [ > 0 for all [, then we have proved ¢t € B2. Otherwise, let
us set two elements
to=> N LTITST,
1<0
and ‘
ty =Y N TiTITET).
1>0
such that we have t =t_ +¢,.
Since D is a derivation of the algebra B! and T} € B!, we can apply
the derivation D to T;. And we obtain the following
D(Tl) = (ldt(Tl) + (5(T1)
= (t,Tl - Tlt,) -+ (t+T1 — TltJr) -+ Ckl(T1>
for some «a; € C.
Since D is also regarded as a derivation of the algebra U, (B;) and
the variable T} is also in the algebra B> = U, (B,), we shall have that
the element D(T}) is also in the algebra B5, and furthermore in the

algebra B2. Note that all the elements of B? don’t involve negative
powers of the variable T}, thus we shall have the following

t,Tl - Tlt, = 0
Therefore, we are supposed to have the following

T Xt TTETY) = O Mijktmar™ 27T}

1<0 1<0
TTyTHT
= (Z ai,j,k,lTliTZjTSkTi)Tl‘
k<0
This shows that we have the following equations:
2k + 21 = 0;
27+ 2k =0.

In addition, applying D to T3, we can further derive the following
equations

k—2i=0;
k+ 20 = 0.



10 X. TANG

Together, these equations show that we have i = j = k =1 = 0,
which is a contradiction. Therefore, we have that t~ = 0, which implies
t € B2 A similar argument can be used to prove that t € B3.

Since the algebra B3 is also generated by the elements Tlﬂ, Tzﬂ, X3, Xy,
we have the following decomposition of ¢ in B?:

t= > A TTIXEX.
i,4,k>0,1>0

Applying the derivation D to the variable T} = X;, we can further
prove that 7 = [, which implies that j > 0. Therefore, we have proved
that t € B* as desired. Using a similar argument, we can prove that
t € B> = U},(B,) as desired.

Since we have D = ad; + 0 for some ¢ € U7, (B;) and some central
derivation of B!, and T} = X;,T» = X, and T3 = X3, we have the
following

fori=1,2,3.

In addition, we have the following
D(X,) ady(X4) + X(Ty + (s* — )Ty Ty + (rts — DTRT )
= (tXy — Xyt) + ATy + Maz — ay)(s* — r?s*) Ty 1Ty
Mg — o) (rts — DT
= (X4 — Xyt) + oy Xy + Maz — g — o) (s* = r?sH Ty Ty
Mg — g —ag)(rts — DT

Since the element D(X}) is in the algebra U (B;), we shall have
(a3 — ay — ay)(s* — 28Ty T + (ap — g — ag)(r s — DT = 0.

Thus we shall have the following a3 = a; + 2a4 and ay = a1 + a4. In
particular, we have

D<X4)) = adt(X4) + Oé4X4.

So we have the proved the lemma as desired. O
Now let us define two derivations Dy, Dy of the algebra U (B,) as
follows:
Di(Xy) = X1, Dx(Xs) =Xy, Di(X3)=X3, Di(Xy)=0;
DQ(X1> = 07 DQ(X2> = X27 DQ(X3) = X37 D2<X4) = X4-

Thanks to the previous lemma, we can derive the following result
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Theorem 1.3. Let D be a derivation of U (By). Then we have

D = ad; + p11 D1 + p2 Dy
for some t € U/ (By) and p; € C fori=1,2.

O
Recall that the Hochschild cohomology group in degree 1 of U;;(Bg)
is denoted by HH' (U, (B,)), which is defined as follows

HHl(U;;(BQ)) : = Der(U;,(By))/InnDer(U;,(B)).

where InnDer(U(B,)): = {ad, |t € U, (B,)} is the Lie algebra of
inner derivations of U;f,(B;). And it is well known that HH' (U, (B,))
is a module over HH*(UY,(B,)): = Z(U;,(B,)) = C.

We describe the structural of the first degree Hochschild cohomology
group of U (B,) as a vector space over C. In particular, we have the
following theorem

Theorem 1.4. The following is true:

(1) Every derivation D of UY,(B2) can be uniquely written as fol-
lows:

D = ad; + p11 D1 + p2 D
where ady € InnDer (U (Bs)) and p, po € C.

(2) The first Hochschild cohomology group HH" (U, (Bz)) of U,(By)
is a two-dimensional vector space spanned by Dy and Ds.

Proof: Suppose that ad; + puy D1 + peDy = 0 as a derivation, to
finish the proof, we need to show that pu; = pus = ad; = 0. Let us set
a derivation 0 = p1 Dy + g Ds. Then 6 can regarded as a derivation of
the algebra U, (B,), which can be further extended to a derivation of
B'. As a derivation of B!, we also have that ad; + 6 = 0. Besides, we
also have the following

O(Th) = Ty, O(To) = peTs,  6(T3) = (1 + pa)Ts.

Thus the derivation § is verified to a central derivation of the quan-
tum torus B'. Therefore, according to the result in [9], we shall have
that ad; = 0 = 0. Hence we have p; = s = 0 as desired. This proves
the uniqueness of the decomposition of the derivation D, which further
proves the second statement of the theorem. O
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2. HOPF ALGEBRA AUTOMORPHISMS OF THE HOPF ALGEBRA
UZ(B)

In this section, we will first determine the algebra automorphism
group of the Hopf algebra UESO(BQ). As a result, we are able to deter-
mine the Hopf algebra automorphism group of UESO(BQ) as well. We
will closely follow the approach used in [7]. Note that such an approach
has been adopted to investigate the automorphism group of Usso(slg)

in [I0]. It is no surprise that we derive very similar results to those
obtained in [10].

2.1. The Hopf algebra U;)(B,). To proceed, we first recall the con-
struction of the Hopf subalgebra of U7?(B,) from [1]. Later on, we will
define an augmented version of the Hopf algebra UESU(BQ).

Definition 2.1. The Hopf algebra U7 (B) is defined to be the C—algebra
generated by the generators e, e; and wq, wy subject to the following
relations:
wlwl_l = wgwgl =1, wiwy = wown;
wie] = 7’28726111)1, wiey = 5262w1;
Wal] = 7'_261?1)2, Woly = rs_legwg;

2 2 | .2 2.2 2 _ .
ejes — (r° + s)ejese; + r7s7eqe] = 0;
erey — (r* +rs+ s*)egeres +rs(r? + rs + s?)esereq — ris3ede; = 0.

It can be easily verified that the following operators define a Hopf
algebra structure on U7 (Bs).

Aler) =1 ® 1+ w ®eq;
Aleg) = 2@ 1+ wy @ ey;
Alwy) = w; @wy,  A(wy) = wy ® wo;
S(e1) = —wiey, S(eg) = —waey;
S(wr) = wit,  S(wz) = wy™;
e(er) = €(e2) =0, e(wy) = €e(wy) = 1.
Of course, it is easy to see that we have the following proposition:

Proposition 2.1. The set
{XeXIXEX S wy|a, b, c,d € Zso,m,n € Z}
forms a PBW-basis of the algebra UZY(Bsy).
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However, we will not study the algebra U7(B,) in this paper. In-
stead, in the rest of this paper, we will study the automorphisms of an
augmented Hopf algebra UZ"(B,), whose definition will be given in the
next subsection.

2.2. The Augmented Hopf algebra UZ(B;). In this subsection, we

shall introduce an augmented Hopf algebra UESO(BQ), which contains
the algebra U/ (B;) as a subalgebra and enlarges the Hopf algebra
U%O(Bz). To this end, we need to define the following new variables:

k1 = wiwy, ko = w}/ng.
It is easy to see that
wy = kiky?,  wy = ki ks,
Now we can have the following definition of the algebra UESO(BQ).

Definition 2.2. The algebra UZ%(sl3) is a C-algebra generated by
€1, €a, kfl, and kzﬂ subject to the following relations:
kiki' =1 =koky', kiko = koky;
kier = s 2eiky, kies = rsesks;
kyer =1 s leiky,  koes = regks;
eley — (r? 4 s*)ejege; + r?s%egel = 0;
eres — (r? +rs+ s%)egeres + rs(r? +rs + s*)ezeiey — rPsPede; = 0.
O

We now introduce a Hopf algebra structure on UESO(BQ) by defining
the following operators:

Ale) =1 @1+ K2 ® ey
Aleg) = ea @1+ kK3 @ eg;
Alk)) = k1 @ ki, Alky) = ky @ ko;
S(e1) = —kiky%e;, S(ey) = —K 'k3ey;
S(ky) = kit S(ks) = Ky
e(er) = €(e2) =0, €(k1) =e€(ky) = 1.
Then it is straightforward to verify the following result:

Proposition 2.2. The algebra UZ2(sl3) is a Hopf algebra with the co-
product, counit and antipode defined as above.

O
Furthermore, it is easy to see that we have the following result
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Theorem 2.1. The Hopf algebra UZ%(By) has a C—basis

(KT kI XOXEXSXS | myn € Z, a,b,c,d € Zsp}.

O
In particular, one can see that all the invertible elements of UESO(BQ)
are of the form Ak("k% for some A € C* and m,n € Z.

2.3. The algebra automorphism group of UESO (By). Suppose that
6 denotes an algebra automorphism of the Hopf algebra UZ"(B,). Since
k1, ko are invertible elements in the algebra UESO(BQ) and 0 is an algebra
automorphism of UZ0(Bs), the images 0(ki),0(kz) of ki, ko are invert-
ible elements in U,?f (Bz). Recall that the invertible elements of the

algebra UESO(BQ) are of the form Ak7"k%2 A € C*,m,n € Z. Therefore,
we shall have the following expressions of 6(k;) and 0(k,):

0(k1) = Mkiks,  O(k2) = Aokiky

where A\, Ay € C* and z,y, z,w € Z.

Since 0 is an algebra automorphism of UESO(BQ), there is an invertible
2 x 2 matrix associated to #. We will denote this matrix by My = (M,;).
As a matter of fact, we will set the entries M1 = x, My, =y, My = 2
and My = w. Since 6 is an algebra automorphism, we know the
determinant of My is £1, i.e., we have zw — yz = £1.

For [ = 1,2, let us set the following expressions of the images of ey, e;
under the automorphism 6:

Bl +BE 5B 5B
O(er) = Z ’Ym,,nl,ﬁ},ﬁf,ﬁf,ﬁfkimk;lel Xy X3t Xy

my,m ’ﬁll 7ﬁl2 7/813 76[4

where Yy, n, 512,93 61 € C* and my,ny € Z and B, B2, 82, B € Z>y.
Then we have the following

Proposition 2.3. Suppose that § € Autc(UZ2(Bs)) is an algebra au-
tomorphism of UESO(BQ), then we have My € GL(2,Z>).

Proof: Since kje; = s 2ejky and kyey = r~ts7lejky and 6 is an

algebra automorphism of UZ0(B,), we have the following
9(k1)9(61> = 8_20(61>6(k1);
0(ky)0(er) = r s 10(e1)0(ks);
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which implies that
ﬁl 62 63 /34
AMkiks( Z le,m,ﬁ%,ﬂf,ﬁf,ﬂ%k?“k31X11X21X3lX41)
mi,n1,61,6%.63 .61
_ Bl ﬁQ 63 4
= 5% Z Yinann,61,82,88 pakr eyt Xy X X X ) Mk kS,

mi,n1,81,67.85.81

Bl 3BT 57 B
Mkiky (> Vi, 60,52,68 50k gy X X XS X
m1,n1,81,87 87,61
1 2 3 4
= T YT Vst R XXX X AR
ml?”hﬁ}vﬂ?vﬁ?:ﬁ%

After the calculations, we shall have the following system of equa-
tions:

(281 + 287 + 267)x + (B + 28] + By = 2;
(261 + 267 +2B1)z + (8] + 26/ + Bi)w = 0.
Similarly, we also have the following
(B + B3 + B3)z + (B3 + 285 + By)y = 0;
(B3 + B3 + B3)z + (B3 + 285 + By)w = 1.
We now define a 2 x 2—matrix B = (b;;) with the following entries
b = 2511 + 2512 + 25%
bo1 = 612 + 25? + 5%5
bis = By + B3 + B5;
bor = 35 + 265 + ;.
And we shall have the following system of equations
b + ba1y = 2;
b2 + by = 0;
b112 + boyw = 0;
biaz + bypaw = 1.

This system of equations implies that we have the following

2 0
we= (5 1)

which shows that we have

1 bin/2 byo
Mo _(521/2 -
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Obviously, we have that M, V' = Mjy-1, where the matrix My-1 is
the corresponding matrix associated to the algebra automorphism 1.
Since the entries byq, b1, bo1, boo are all nonnegative integers, we can
conclude that My-1 € GL(2,Z>¢). Applying the similar arguments
to the algebra automorphism 6~!, we shall be able prove that My &
GL(2,Z>¢) as desired. O

For the reader’s convenience, we recall an important lemma (Lemma
2.2 from [7]), which characterizes the matrix Mj:

Lemma 2.1. If M is a matriz in GL(n,Zso) such that its inverse
matriz M~ is also in GL(n, Zxq), then we have M = (0;5(j))ij, where
o 1s an element of the symmetric group S,.

O

As a result of Proposition 2.3 and Lemma 2.1, we immediately

have the following result which describes the images of ki, ks under an
automorphism 6 of UZ)(B):

Corollary 2.1. Let 0 € Autc(UZ%(B,)) be an algebra automorphism
of UESO(BQ). Then forl = 1,2, we have

O(k1) = Nkoq

where o € Sy and A\, € C*.

Furthermore, we can prove the following result:

Proposition 2.4. Let 0 € Autc(UZ2(B,)) be an algebra automorphism
of UESO(BQ). Then for 1 = 1,2, we have

0(er) = k" k3'eqq)
where v, € C* and my,n; € Z.

Proof: Let 6 € Aut@(UEso(Bg)) be an algebra automorphism of

UZ0(B,). We will need to consider two cases.
Case 1: Suppose that 0(k1) = A\1k; and 6(ky) = Agko, then it suffices
to show that we have

O(e1) = k" k3 er,  O(ea) = 12k k5% ey

for some 7;,72 € C* and my, mo, ny, Ny € Z.
Note that we have the following relations between ey, e5 and ky, ko:

]{3161 = 8_261]{71, k’261 = 7"_18_161]{32.
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Via applying 6 to these identities, we shall have the following
9(k1)9(€1) = 8729(61)9“{1);
0([(2)6(61) = 7“715710(62)6(]?1).
Therefore, we shall the following
m1 .n1 v 01 v 07 v 85 81
Atk ( Z le,nl,ﬁll,ﬁ%,ﬂf,ﬁfh 11521X11X21X31X41)
mi,n1,81,8%2,68,8¢
1 2 3 4
= M52 D Y g KR XD XPX X R
my,n1,61,6%,63
In addition, we also have the following
1 2 3 4
Noka( Y o mst g skl RS X Xy XX
m1,n1,81,6%,67
1 2 3 4
= AT gt s K XD XS XX k.
mi,n1,84,8%,63
Thus we shall have the following
5= (BHBH8Y) (g g) (4280 481) _ 2

I

(rs)—(B%+B%+ﬂ%)r(6%+2ﬁi”+5%) — ol

Moreover, the above identities imply the following
20) + 26 + 267 = 2
B +28) + B = 0;
B+ B+ B =1;
Bi +26) + By = 0.
Note that all Bij,i,j = 1,2,3,4 are non-negative integers, thus we
shall have that
sl=1, B=p=si=0
Similarly, we can also verify the following
By=03=p0=0 fr=1
Therefore, we have proved the result for Case 1.

Case 2: Suppose that 0(k1) = A\ke and 0(ky) = A2ky, we have to
prove that 6(e;) = k" ky'es and O(es) = Yoki?ky?e;. We will not
repeat the details here because the proof goes the same way as in Case
1. |

Now we are going to verify that, in a sense, the generators e;, e5 can

not be exchanged by any algebra automorphism ¢ of UZ%(By). Indeed,
we have the following result
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Corollary 2.2. Let 0 € Autc(UZ2(B,)) be an algebra automorphism
of UESO(BQ). Then for l = 1,2, we have the following

0(k1) = Mk, O(er) = vk ky' e
where A\, v € C* and my,n; € Z.

Proof: Suppose that 6(k;) = Aks and O(eq) = k" kytes. Since
we have 0(k;)0(e1) = s720(e1)0(k1), we have the following

Mo KT kY2 ey = 872y kT kY P e A k.

Note that kses = regks, then we got a contradiction. Therefore, we
have proved the statement as desired. O

The following main theorem describes the algebra automorphism
group of the algebra UZ%(Bs):

Theorem 2.2. Let 0 € AutC(UESO(BQ>> be an algebra automorphism of
the algebra UES()(BQ). Then for 1 = 1,2, we have the following

0(k)) = Nk, 0(e1) = mkiKjer, 0(ex) = 1okikies
where \j,v; € C* and a,b,c,d € Z such that b = 2c,a+ 2c+d = 0.

Proof: Let 6 be an algebra automorphism of UES(BQ) and suppose
that

O(e1) = Wlk’(fkg@l, O(es) = 72kfk§l€2-
Note that we have the following
(Kikyer)(kikser) (Kikges) = (s%)(rs)"(s*)*(rs)*

Jpae k§b+d e2e,
—  p(b+2d) g(2a+b+c+2d) J2a+e k§b+d e2ey:
and
(kikger) (kikges)(kikser) = (s%)°(rs)*((rs)~1)*(s*)?(r™ )" (rs)"
k%ﬁckgb”elegel
_ T(dfa)S(a+b+2c+d)k%a+ck§b+delezel;
and
(kkges) (Kikyer) (kikser) = (rts™H)%(r™ 1) () (rts™H)(rs)"
2ake k§b+d ese?
_ r(—2a—b)Sbk%a—i—ck;b-&-deZQ%.
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Via applying the automorphism 6 to the first two-parameter quan-
tum Serre relation

eley — (r* 4+ 15+ sH)ejese; + (15)eget =0

we shall have the following system of equations

b+2d = —a+d;

—2a—b = —a+d;
20+ b+4c+2d = a+b+2c+d;
b = a+b+2c+d.

It is easy to see that the previous system of equations is reduced to
the following system of equations

a+b+d = 0;
a+2c+d

In addition, direct calculations yield the following

(ks (B fea) (K5 den) (hyer) = pl-Sum3bme-dd)gl-samso

k_iic—i-akgd—i-begel;

and

(kder) (K§hges) (K Kjen) (R§hges) = 2em2hmions (0

ki‘)cha k§d+b e% eres:

and

(KSkSes) (kS kyer) (kS kes) (K kfes) = rlmombrdendlgraterad
ki’)c-l-ak:gd-‘rbeQele%;
and

(i koer) (kkges) (Kikgen) (kikges) = r(739s0er30

3c+a1.3d+b 3

Via applying the automorphism 6 to the second two-parameter quan-
tum Serre relation
eser — (r 24 rtsTh b s edee s T e R s

+s5 Hegere5 — (rs) eres = 0
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we shall have the following system of equations

—3a—3b—3c—3d = —2a—2b—3c—3d;

—a—b—3c—d = —2a—2b—3c— 3d,
-3¢ = —2a—2b— 3c— 3d;
—3a—3c = —2a—c+d;
—a+c+2d = —2a—c+d;
3c+3d = —2a—c+d.

Therefore, we also have the same system of equations as follows
a+b+d = 0
a+2c+d = 0.
Solving the system
a+b+d = 0;
a+2c+d = 0;

we have that b = 2¢ and a + 2¢ + d = 0. Thus we have proved the
theorem as desired. O

2.4. Hopf algebra automorphisms of UESO(BQ). In this subsection,
we further determine all the Hopf algebra automorphisms of the Hopf
algebra UESO(BQ). Let us denote by AutHOpf(UESO(Bg)) the group of all
Hopf algebra automorphisms of UZ(By).

First of all, we have the following result

Theorem 2.3. Let 0 € AutHopf(UES(Bg)). Then forl = 1,2, we have
the following

0(ki) = ki, 0(er) = men,
for some vy, € C*. In particular, we have
Aty (UZ0(B2)) = (C.

Proof: First of all, let § € Autpos(UZ0(Bs)) denote a Hopf al-
gebra automorphism of UZ%(By), then we have § € Autc(UZ2(B,)).
Therefore, we shall have the following

O0(ki) = Niki;
O(ey) = y1kikSer;
9<E2> = ’}/Qkfkgeg,
for some N,y € C* for [ = 1,2, and a,b,c,d € 7Z such that b =
2c,a+2c+d=0.
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We want to prove that \; = 1 for [ = 1,2. Since 0 is a Hopf algebra
automorphism, we shall have the following

(0 @ 0)(A(k)) = A(0(kr))
for [ = 1,2, which imply the following
A=\

for [ = 1,2. Therefore, we have \; =1 for [ =1, 2.
Now we need to prove that a = b = c =d = 0. First of all, note that
we have the following

A(f(er)) = A(yikikger)
= A(%k?klﬁ)A(el)
= Y (kS @ kD) (e1 @ 1 + K2k 2 @ e)
= mkTkSer ® k{k) + ynkikykiky? @ kike
= O(e1) @ KSkS + KSkS K2 ks @ 0(ey).

Second of all, note that we also have the following

OR0)(Aley) = R0)(ea@1+ k%k:f ® e1)
= 0(e)) @1+ 0(k2ky?) @ 6(e1)
= O(e)) @1+ k¥ky 2 @ 0(ey).

Since A(f(e1)) = (0 ® )A(ey), we have a = b = 0. Since b = 2¢ and
a+2c+d=0,wehavea=b=c=d=0.

In addition, it is obvious that the algebra automorphism # defined by
0(k;) = ky and 0(e;) = yie; for 1 = 1,2 is a Hopf algebra automorphism
of UZY(B,). Thus, we have proved the theorem. 0
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