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ADDITIVITY OF JORDAN (TRIPLE) DERIVATIONS ON RINGS

WU JING AND FANGYAN LU

ABSTRACT. Let § be a mapping from ring R into itself satisfying
d(ab + ba) = 5(a)b+ ad(b) + 6(b)a + bé(a)
or
6(aba) = 6(a)ba + ad(b) 4+ abd(b)
for all a,b € R. Under some conditions on R, we show that ¢ is additive.

1. INTRODUCTION AND PRELIMINARIES

In recent years, there has been a great interest in the study of additivity of
mappings on rings as well as operator algebras (see [3] - [8], and references therein).
Most of these results focus on the additivity of multiplicative maps, Jordan (triple)
multiplicative maps, and Jordan elementary maps on rings, triangular algebras,
and operator algebras. The first result in this direction is due to Martindale III
who obtained the following pioneer result in 1969.

Theorem 1.1. ([8]) Let R be a ring containing a family {eq : o € A} of idempo-
tents which satisfies

(1) xR = {0} implies x = 0.

(2) If e Rx = {0} for each o € A, then x = 0 (and hence Rx = {0} implies
x=0).

(8) For each o € X, equeqR(1 — ey) = {0} implies eqze, = 0.

Then any multiplicative bijective map from R onto an arbitrary ring R’ is addi-
tive.

Recall that an additive mapping § from ring R into itself is called a Jordan
derivation if for any a € R

5(a®) = 6(a)a + ad(a),
and ¢ is called a Jordan triple derivation if
d(aba) = d(a)ba + ad(b)a + abd(a)

for any a,b € R. Recently, it has been proved in [6] that if R is a 2-torsion free
unital prime ring containing a nontrivial idempotent and § : R — R is a mapping
satisfying

(1.1) 5(ab + ba) = 8(a)b + ad(b) + d(b)a + bd(a)
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or
(1.2) 0(aba) = §(a)ba + ad(b) + abd(b)

for all a,b € R, then § is automatically additive. Moreover, § is not only a Jordan
(triple) derivation but also a derivation.

The aim of this paper is to generalized the results of [6] to a larger class of rings.
Note that our approaches are different from those in [6] which mainly depend on
the existence of identity element in the underlying rings.

Let R be an arbitrary ring with a nontrivial idempotent e. We write e; = e and
ez =1 —e;. Note that R need not have identity element. Put e; Re; = R;; for any
1,7 = 1,2. Then we have the Peirce decomposition of R as R = Ry1 ® R12 ® Ro1 &
Ry. Throughout this paper, the notation a;; will denote an arbitrary element of
R;; and any element a € R can be expressed as a = a1 + a2 + a1 + a22.

Let’s state our main results.

Theorem 1.2. Let R be a ring containing a nontrivial idempotent and satisfying
the following conditions for i, j, k € {1,2}:

(P1) If ajjxji, =0 for all xji, € Rj), then a;; = 0.

(P2) If xi5a5, = 0 for all x;j € R;j;, then aj, = 0.

(P3) If aj;xi; + wijay; =0 for all xy; € Ry, then ay = 0.

If a mapping 0 : R — R satisfies

d(ab+ ba) = 6(a)b + ad(b) + d(b)a + bd(a)
for all a,b € R, then § is additive.

Theorem 1.3. Suppose R is a ring containing a nontrivial idempotent and satisfies
the following conditions:

(P1') If aj1212 = 0 for all x12 € Rya, then a;; = 0.

(PQ’) Ifwlgazg =0 fO’l“ all x15 € ng, then ase = 0.

(P4) Ifmijaa?ij =0 fOT‘ all Tij € Rij (Z,j S {1,2}), then Qj; = 0.

If a mapping § : R — R satisfies

d(aba) = 6(a)ba + ad(b) + abd(b)  for all a,b € R,
then 0 is additive.

Obviously, Conditions (P1’) and (P2) are special cases of (P1) and (P2), respec-
tively.

Recall that a ring R is prime if aRb = {0} implies that either a = 0 or b = 0,
and is semiprime if aRa = {0} implies a = 0. We need the following lemma which
is due to Bresar.

Lemma 1.4. ([1]) Let R be a 2-torsion free semiprime ring and let a,b € R. If for
all x € R the relation
azxb + bra =0

holds, then axb = bxa = 0 is fulfilled for oll x € R.

The following lemmas show that Conditions (P1) to (P4) are fulfilled if R a
2-torsion free semiprime ring under some technical assumptions concerning the
nontrivial idempotent or a 2-torsion free prime ring with a nontrivial idempotent.

Lemma 1.5. Let R be a 2-torsion free semiprime ring with a nontrivial idempotent,
then
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(Pg) If Qi Ti; + TiiQi5 = 0 fO’I“ all Tii € an‘, then Qgq = 0.

In addition, if R satisfies the following conditions:

(C]) If Qi Tij = 0 fO?” all Tij € Rij (Z 75 ]), then a;; = 0;

(C2) If zj;a;; =0 for all xj; € Rj; (i # j), then a;; = 0;

(03) ]f T;jAT55 = 0 fO’F all Tij € Rij (Z 7é j), then aj; = 0,

then Conditions (P1), (P2), and (P4) are fulfilled, respectively. That is,

(P1) If a;jx i = 0 for all x;, € Rji, then a;; = 0.

(P2) If x;5a, = 0 for all x;; € R;j, then aj, = 0.

(P4) If x;jaz;; = 0 for all z;; € R;; (1,5 € {1,2}), then a;; = 0.
Proof. (P3) If i =1, we rewrite aj1211 + 11011 = 0 as

eraerzrer; +errejae; =0 forall x € R.

By Lemma 1.4, we obtain that eyjae;ze; = 0, which yields that ejae;ze;ae; = 0 for
all x € R. Since R is semiprime, it follows that e;ae; = 0. Equivalently, a;; = 0.

Suppose now that ¢ = 2. We would like to mention here that e is not necessarily
in R. Observe that

29X09 + Togsage = 0 for all x99 € Roo

is equivalent to
egaesTes + egxregas = 0 for all = € R.
Furthermore, for any x,y € R, we have
€2a€2T€2YED + €oTEQYEau€ny = 0,

which implies that

€2A€E2T€E2YEY = —ETEQYE20ED.
Now for any z € R, using the above equality three times we obtain

(eqaeqzesyes)zesaeszesyes

= —E2T€E2Y€a0€az€20€2TEQYED

—eqzeay(esaes)(eazeqaearesyes)

€T EQYE22€2A€E2TE2YELAED

= (esxesyeszesaesxesyes)(esaes)

—E€2A€TEQYE22€2AEQ2TEQYEY.

Since R is 2-torsion free, we see that esaesresyes = 0 holds for all x,y € R. And
S0 egaesxesyesaesres = 0. By the semiprimeness of R we get esaesxes = 0 for all
x € R. This leads to esaeszesaes = 0 for all x € R. Again, using the fact that R
is semiprime, we can conclude that esaes = 0, i.e., ass = 0, as desired.

(P1) In view of Condition (C1), we only need to show the cases of j = k and
j#k=1.

Assume first that j = k and a;;2;; = 0 for all «;; € R;;. Equivalently, we have
ejaejxe; for all x € R, which implies that e;ae;jxe;ae; for all x € R. It follows that
e;ae; = 0 since R is semiprime, that is a;; = 0.

If j # k =4 and a2 = 0 for all x;; € Rj;, then e;aejze; = 0 for all x € R.
Therefore e;ae;xe;ae; = 0 for all x € R. Using the fact that R is semiprime, we
see that e;ae; =0, i.e., a;; = 0.

(P2) Similar to the proof of (P1).
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(P4) Tt suffices to show that if zyax; = 0 for all z; € Ry then ay; = 0.
Let i, yis, 2:s € Ry be arbitrary. From (x4 + yii)a(xy + yi) = 0 we can get
Ty + yizaxy; = 0 which is equivalent to

LiiQYii = —Yii QL5
Applying this equality three times we have
(Tiiayii)azii = —yua(Tiazi) = (Yii02i)aTi; = —Ti0Yi;0 2.
This yields that x;;ay;;az; = 0 since R is 2-torsion free. Particularly,
(e;axyae;)y(e;axiae;) =0

for all y € R. It follows that e;ax;;ae; = 0 for all z;; € R;; since R is semiprime.
Furthermore, we have (e;ae;)x(e;ae;) = 0 for all x € R., and so e;ae; = 0, i.e.,
Qg5 = 0.

O

Lemma 1.6. Let R be a 2-torsion free prime ring with a nontrivial idempotent and
i,j5,k € {1,2}. The R satisfies Conditions (P1), (P2), (P3), and (P4), i.e.,

(P1) If ajjxji, =0 for all xji, € Rji, then a;; = 0.

(P2) If x;ja, = 0 for all x;; € R;;, then aji, = 0.

(P3) If axi; + wijay; = 0 for all x4 € Ry, then ay = 0.

(P4) If TijATi5 = 0 fOT’ all Tij € Rij: then Qj; = 0.

Proof. (P1) and (P2) can be deduced easily from the fact that R is a prime ring.
(P3) It follows from Lemma 1.5 directly.
(P4) See Lemma 2 (i) in [3].
O

We complete this section by recalling the definition of standard operator algebras.
Suppose that X is a Banach space. Let B(X) denote the algebra of all bounded
linear operators on X, and F(X) denote the algebra of all finite rank operators
in B(X). A standard operator algebra is any subalgebra of B(X) which contains
F(X).

2. ADDITIVITY OF JORDAN DERIVATIONS ON RINGS

Throughout this section, we always assume that R is a ring with a nontrivial
idempotent e; and satisfies

(P1) If a;jz;5 = 0O for all xj, € Rji, then a;; = 0;

(P2) If z;;a;, = O for all z;; € R;;, then aj; = 0;

(P3) If Qi Ti; + TiiQi5 = 0 for all Tii € Rii7 then Qi — 0.

We also assume that mapping ¢ : R — R satisfies

0(ab+ba) = 6(a)b+ ad(b) + 6(b)a + bd(a)  for all a,b € R.
Let’s begin with
Lemma 2.1. (1) 6( aii b12) = 5((111) + 6(1)12)
(2) 6(ar1 + ba1) = 6(ar1) + 6(ba1).
(3) 6(az2 + bi2) = 6(az2) + 6(b12).
(4) 0(azz +ba1) = é(a 22) 5(bay)
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Proof. We only prove (1). The rest of the proof goes similarly.
For any x99 € Rao, we compute

0[(@11 + b12)maa + wa2(a11 + b12)]
= (a1 + bi2)xoe + (a11 + bi2)d(x22) + d(x22)(a11 + bi2) + x220(a11 + b12).

On the other hand,

d[(a1r + bi2)w22 + z22(a11 + b12)]

= 5(5121722)

(a11222 + T22a11) + d(b12222 + T22b12)

= O(a11)xo + a116(2x22) + 6(x22)a11 + x220(a11)
+0(b12) w22 + b126(w22) + 0(222)b12 + 2220(b12).

Il
>

Comparing these two equalities we obtain
[6((111 + b12) — 5((111) — (S(blg)]’l}zz + 1'22[5(CL11 + blg) — 5(0,11) — 5(b12)] =0.
This gives us

[0(a11 + b12) — 8(a11) — d(b12)]1222 = 0,
x22[0(a11 + b12) — 6(a11) — d(b12)]21 = O,

and
[0(a11 + b12) — d(a11) — 8(b12)]22w22 + x22[0(a11 + biz) — d(ai1) — d(bi2)]22 = 0.
By Conditions (P1), (P2), and (P3), we have
[6(a11 + b12) — d(a11) — 6(b12)|12 = 0,

[0(a11 + b12) — d(air) — d(b12)]21 =0,
[0(a1 + b12) — d(a11) — §(b12)]22 = 0.

In order to complete the proof, we now show that [6(a11 + bi2) — 6(a11) —

(5(()12)]11 =0.
For any x15 € Ri2, note that

6[(a11+b12)r19+z12(a11+b12)] = 0(a11712) = d(a11@12+212011)+0(b12T12+T12012).
Applying Equality (1.1) to both sides of this identity, one can deduce that

[6(a11 + b12) — 0(a11) — 6(b12)|z12 + w12[0(a11 + bi2) — d(a11) — d(b12)] = 0.
Consequently,

[0(a11 + b12) — d(a11) — §(b12)]11212 = 0.

It follows from Condition (Pl) that [(5(&11 + blg) — 5(&11) — 5([)12)]11 = 07 which
completes the proof.
]

Lemma 2.2. (1) (5(@12 + b12622) = (5(0,12) + 5([)12622).
(2) §(a21 + bazcar) = 0(az1) + 0(bazcar).
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Proof. (1) Using Lemma 2.1, we obtain

d(a12 + biacao)
= 6[(e1 + b12)(a12 + c22) + (a12 + c22)(e1 + bi12)]
= d(e1 + bi2)(a12 + ca2) + (e1 + b12)d(a12 + ca2)
+0(a12 + ca2)(e1 + bi2) + (a12 + c22)d(e1 + bi2)
= [0(e1) + 6(br2)l(ar2 + c22) + (e1 + bi2)[0(ar2) + 6(c22)]
+[6(a12) + d(ca2)](e1 + bi2) + (ar2 + c22)[6(e1) + 5(b12)]
= 0(a12) + d(biacan).
(2) Note that
a1 + baacor = (€1 + c21)(az + baa) + (@21 + baz)(e1 + co1).
Now the proof goes similarly to that of (1). O
Lemma 2.3. (1) (a2 + b12) = §(a12) + 6(b12).
(2) 6(az1 + ba1) = d(az1) + 6(ba).
Proof. We only prove (1). The proof of (2) is similar.
For any a9 € Rag, we calculate 6[(a12 + bi2)xas + x22(aiz + b12)] in two ways.
On one hand,
d[(arz + bi2)w22 + w22(a12 + b12)]
= 6(a12 + b12)w22 + (@12 + b12)0(222) + d(222)(a12 + b12) + z226(a12 + b12).
On the other hand, by Lemma 2.2

0[(a12 + b12)w22 + x22(a12 + b12)]
= 6(ai2w22 + biaxa2)
= 0(a12222) + d(b12w22)
(@12w22 + T22a12) + 0(b12222 + 22b12)
(
(

[
(o9

d(a12)T22 + a120(x22) + 0(x22)a12 + x226(a12)
5(b12)x22 + b120(xa2) + 0(z22)b12 + T220(b12).
These give us
[0(a12 + b12) — 8(a12) — 6(b12)]z22 + x22[0(a12 + bi2) — d(a12) — d(b12)] =0

for all x93 € Ras.
It follows that

[0(a12 + b12) — 6(a12) — 6(b12)]12222 = 0,
x2[0(ai2 + bi2) — 0(a12) — 0(bi2)]21 =0,
and
[0(a12 + b12) — 0(a12) — d(b12)]22T22 + T22[0(a12 + b12) — d(a12) — 6(b12)]22 = 0.
By Conditions (P1), (P2), and (P3), we can deduce that
[0(a12 + b12) — d(a12) — 6(b12)]12 = 0,
[0(a12 + b12) — d(a12) — 8(b12)]21 = 0,
[0(ai2 + b12) — 0(a12) — d(b12)]22 =0
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We now complete the proof by showing that
[0(a12 + b12) — 0(a12) — 6(b12)]11 = 0.
To this end, for any x12 € Ri2, we compute
d(a12 + bi2)x12 + (a12 + b12)d(z12) + 0(z12)(a12 + b12) + x120(a12 + b12)
= [(ai2 + bi2)z12 + z12(@12 + b12)]
=0
d(ar12212 + w12a12) + §(b12x12 + T12b12)
= d(ar12)m12 + a126(z12) + d(x12)a12 + z120(a12)
+0(b12)x12 + bi126(z12) + 6(x12)bi2 + 120(b12).
This yields that
[5(&12 + b12) — 5(&12) - 5(512)]3312 + 3312[5(@12 + b12) - 5(@12) - 5(b12)] =0
Therefore, we have
[(5(@12 + ()12) — 5(@12) — 5(b12)]11x12 =0 for all T12 € Rys.

By Condition (P1) we can infer that [0(a12 + b12) — d(a12) —0(b12)]11 = 0, which
completes the proof.

O

Lemma 2.4. (1) 6(ay; + b11) = 8(a11) + 6(b11)-
(2) §(a22 + baz) = d(az2) + d(ba2).

Proof. We only prove (1). For any xes € Rgs, we have

d(a11 + b11)wes + (ar1 + b11)0(zaa) + d(waz)(a11 + b11) + x220(a11 + b11)
= 0[(a11 + b11)maz + z22(a11 + b11)]
0

= (a2 + w22a11) + 6(b11722 + T22b11)

= 0(a11)xe2 + a116(x22) + 6(x22)a11 + r220(a11)

+6(b11) w2z + b110(x22) + §(22)b11 + 2226(b11).

This gives us

[6(a11 + b11) — 6(a11) — 0(b11)]waz + @o2[d(arr + b11) — 6(ar1) — 0(b11)] = 0,
which implies that

[0(a11 + b11) — d(arr) — 8(b11)]12
[0(a11 +b11) — d(air) — 0(b11)]21
[0(a11 + b11) — d(ar1) — (b )]22 =

(b1
Similarly, by considering (a11 + b11)212 + z12(a11 + ) and using Lemma 2.3 one
can deduce that [6(a11 + b11) — d(a11) — 8(b11)]11 = ]

Lemma 2.5. §(a12 + ba1) = d(a12) + 6(ba1).
Proof. From aj1s + ba1 = (a12 + ba1)er + e1(ai2 + bay) we have

d(a12 + ba1)
= 0(ai2 + ba1)er + (a12 + bar)d(er) + d(e1)(arz + ba1) + e16(arz + ba1).
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Multiplying this equality from right by e; we arrive at
O = (0,12 + 621)5(61)61 + (5(61)()21 + 615(&12 + 621)61.
Similarly we can obtain

0 = (112(5(61)61 + 615(&12)61,
O = 6215(61)61 =+ 5(61)b21 =+ 815(1)21)61.

Comparing the above three equalities we see that
[0(a12 + b21) — 8(a12) — d(b21)]11 = e1[0(a12 + ba1) — d(a12) — d(b21)]er = 0.
Now, for any x12 € Ri2, we have

6(ar2 + ba1)z12 + (a12 + b21)6(z12) + 6(z12) (@12 + b21) + 2126 (ar2 + ba1)
= [(a1z + ba1)x12 + z12(a12 + b21)]

0(ba1x12 + T12ba1)
(
(

d(ba1212 + T12b21) + d(a12212 + T12a12)
= 0(ba1)z12 + b219(212) + 6(x12)b21 + x120(b21)
+0(a12)x12 + a120(z12) + 6(z12)a12 + z128(a12),

which leads to
[0(a12 + b21) — 0(a12) — 8(ba1)]x12 + x12[0(a12 + b21) — d(a12) — 6(b21)] = 0.
Since [5((112 + b21) — 6((112) — (5(1)21)]11 = 0, we see that

[0(ai2 + ba1) — 6(a12) — d(b21)]21212 = 0,
x12[0(a12 + b21) — d(a12) — 6(ba1)]22 = 0.

It follows from Conditions (P1) and (P2) that
[0(a12 4 ba1) — 0(a12) — d(b21)]21 = [6(a12 + ba1) — 0(a12) — 6(b21)]22 = 0.

Similarly, by considering (5[(&12 + b21)$21 + l‘gl(alg + le)] for all 21 € Rg1, we can
get

[0(a12 + b21) — 8(a12) — 8(b21)]w21 + @21[0(a12 + b21) — 0(a12) — 0(b21)] = 0.

Consequently, [5(&12 + bgl) - 5(&12) - (5(()21)]12 =0. O

Lemma 2.6. (1) 6(@11 + b12 -+ 621) = 5(0,11) + 5(b12) + 5(621).
(2) §(a12 + ba1 + ca2) = 0(a12) + 6(ba1) + d(c22).

Proof. We only prove (1). For any 2 € Raa, we have

0[(@11 + b1z + c21)x22 + x22(a11 + b1z + c21)]
= (a1 + bia + c21)xa2 + (a11 + b1z + c21)d(x22)
+0(z22)(@11 + b1z + c21) + x220(a11 + b12 + ¢21).
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On the other hand, by Lemma 2.5, we also have
d(a1r + b1z + c21)x22 + w22(a11 + bi2 + c21)]
= 6(bi1aw22 + z22021)
d(b12w22) + 6(x22¢21)
(
(

0(a11T22 + Ta2a11) + §(b12xas + T22b12) + 0(ca1222 + T22¢21)
= d(a11)ma2 + a116(x22) + d(x22)a11 + x220(a11)
+0(b12)xa2 + b120(x22) + 6(x22)b12 + 220(b12)
+0(c21)x22 + c216(x22) + d(x22)c21 + T220(c21).
It follows that
[0(a11 + b1z + c21) — 6(a11) — 0(bi2) — d(ca1)]x22
+x92[0(a11 + b1z + c21) — 6(a11) — (b12) — 0(c21)] = 0.
Then we can obtain that
[0(a11 + b12 + c21) — 8(a11) — 6(b12) — 6(c21)]12 =0,
[0(a11 + b12 + c21) — 6(a11) — 6(b12) — d(c21)]21 =0,
[0(a11 + b1z + c21) — d(a11) — 8(b12) — 0(ca1)]22 =
From
8[(a11 + biz + co1)x12 + x12(a11 + b1z + c21)]
= d[(a11 + c21)T12 + 12(a11 + c21)] + 6 (b12x12 + 212b12)
and using Lemma 2.1, one can easily get
[0(a11 + b2 + c21) — 6(a11) — 0(bi2) — d(ca1)]x12
+x12[0(a11 + b1z + c21) — 6(a11) — 0(b12) — 0(c21)] = 0.
It follows that [6(a11 + b1z + c21) — d(a11) — 8(b12) — 6(c21)]11212 = 0, and so
[0(a11 + b12 + ¢21) — 6(ar1) — 6(b12) — d(c21)]11 = 0.

Lemma 2.7. (5(@11 + b12 + co1 + d22) = (5(@11) + (S(blz) + (5(021) + 5(d22)
Proof. For any x11 € R11, by Lemma 2.6, we have
d(a11 + biz + co1 + daz)x11 + (a11 + b2 + c21 + d22)d(211)

+0(z11)(a11 + b2 + co1 + d22) + 116(a11 + b12 + o1 + dag]
0[(a11 + biz + co1 + daz2)x11 + 211 (@11 + biz + co1 + d22))

[
d(ar1w1 + ca1w11 + T11a11 + 211b12)
d(ar1z11 + z11a11) + d(x11b12) + 6(c21211)
= d(anzi1 +x11a11) + 8(biawy + biowiy)
+0(co1211 + 11C01) + 6(d2ow11 + T11d22).

This gives us
[0(a11 + b12 + co1 + d22) — d(a11) — 6(b12) — 6(c21) — 0(da2)]z11
+x11[0(a11 + b2 + c21 + da2) — 6(a11) — 0(b12) — d(c21) — d(da2)] = 0.
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We can infer that
[0(a11 + b1z + co1 + daz) — d(a11) — 6(b12) — d(c21) — 6(d22)]11 =0,
[0(a11 + b12 + co1 4 da2) — 0(a11) — 6(b12) — 6(ca1) — 0(d22)]12 = 0,
[6(a11 + bi2 4 c21 4 da2) — 0(a11) — d(b12) — 6(ca1) — 0(d2z)]21 = 0
Similarly, one can get
[6(ar1 + b1z + c21 + d22) — 0(a11) — 6(b12) — d(c21) — 0(d2z2)]22 = 0,
which completes the proof. (Il

Now we are ready to prove our first result.

Theorem 2.8. Let R be a ring with a nontrivial idempotent and satisfy
(P]) Ifaij:rjk =0 for all Tk € Rjk, then Qjj = 0;
(P2) If x;5a;, = 0 for all x;; € R;j, then aj, = 0;
(PS)) If a;;xi; + x50 = 0 for all xi; € Ry;, then ay; =0,
fori,j, k € {1,2}. If a mapping 6 : R — R satisfies
d(ab+ ba) = 6(a)b + ad(b) + d(b)a + bd(a)
for all a,b € R, then § is additive.
In addition, if R is 2-torsion free, then § is a Jordan derivation.

Proof. For any a,b € R, we write a = a11+a12+a921+a22 and b = by1+b12+bo1 +bas.
Applying Lemmas 2.3 - 2.7, we have

o(a+0)
= 0(a11 + a1z + az1 + aze + biy + bio + bay + bao)
= O[(a11 + b11) + (a12 + bia) + (@21 + b21) + (a22 + b22)]
(@11 +b11) + 6(a12 + b12) + 0(az1 + bay) + d(aze + bo2)
(
(

Il
(«%)

= d(a11) +(b11) + (a12) + (b12) + 0(az1) + d(ba1) + 6(azz) + 6(b22)
= 0(a11 + a2 + az1 + az) 4+ 6(b1y + bia + bay + bao)
d(a) 4 0(b),
i. e., ¢ is additive.
In addition, if R is 2-torsion free, then for any a € R, we have
20(a?) = 6(24%) = 6(aa + aa) = 2[6(a)a + ad(a)).
Therefore, § is a Jordan derivation. O

Applying Lemma 1.5 and the well-known result that every Jordan derivation on
a 2-torsion free semiprime ring is a derivation (see [1]), we have

Corollary 2.9. Let R be a 2-torsion free semiprime ring with a nontrivial idem-
potent satisfying
(Cl) ]f Qi Ti5 = 0 fO’f’ all Ti; € Rij (Z 75 ]), then a;; = 0;
(02) ]f Tj;Q4 = 0 fO?” all Tj; € Rjz‘ (Z 75 ]), then a;; = 0.
If mapping § : R — R satisfies
d(ab+ ba) = 6(a)b+ ad(b) + 6(b)a + bd(a)
for all a,b € R, then ¢ is additive. Moreover, § is a derivation.

As a consequence of Lemma 1.6 we can easily have the following result.
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Corollary 2.10. Let R be a 2-torsion free prime ring containing a nontrivial idem-
potent and mapping § : R — R satisfy

d(ab+ ba) = d(a)b+ ad(b) + é(b)a + bd(a)
for all a,b € R, then § is additive. Moreover, § is a derivation.
Since every standard operator algebra is prime, we can easily have
Corollary 2.11. Let A be a standard operator algebra in a Banach space X whose
dimension is greater than 1. Suppose that § : A — A is a mapping satisfying
0(AB+ BA)=0(A)B+ Ad(B)+ 6(B)A+ Bi(A)  forall A,Be€ A,

then ¢ is additive. Moreover, § is an additive derivation.

3. ADDITIVITY OF JORDAN TRIPLE DERIVATIONS ON RINGS

The aim of this section is to show that if a mapping ¢ from a ring R containing
a nontrivial idempotent into itself satisfies Equality (1.2) then ¢ is automatically
additive.

In what follows we shall assume that R is a ring with a nontrivial idempotent e;
satisfying

(Pll) If a11212 = 0 for all 215 € Ry, then aq; = 0.

(le) If x12a92 = 0 for all z15 € Rlz, then ags = 0.

(P4) If TijQT45 = 0 for all Tij € Rij (Z,j € {1, 2}), then aj; = 0.

and § : R — R is a mapping with the property that

0(aba) = §(a)ba + ad(b)a + abd(a)

holds true for all a,b € R.
Lemma 3.1. 5(&11 + b1o + co1 + dgg) = 5(&11) + 6(()12) + (5(621) + 5(d22)
Proof. For any z;; € R, 4,7 = 1,2, on one hand, we have

0lzij(ar1 + b1z + co1 + do2)xij]

= O(xij) (a1 + biz + co1 + dao)xyj
+x;;0(a11 + big + c21 + da2)xi;
+xij(a11 + b1z + ca1 + da2)d(xi;).

On the other hand,

o(wijanzij) 6(wij)anai; + xij6(a11)wi; + vi5a110(xi;),
S(xijbrozij) = O(wij)biowij + x450(b12)zi; + 2450120 (245),
0(zijearzi;) = O(xij)ea1xij + xii0(co1)Tij + xijea10(i),
O(xijdasxij) = O(xij)doati; + xi56(dao)xsj + Tijdaad ().

These imply that
Oxij(a11 + b1z + co1 + doo)mij] — 0(zija11245)
—0(zib12wi5) — 0(@sjea1@ij) — 6(wijdazais)
= x;;[0(a11 + bia + co1 + da2) — 6(a11) — 8(bi2) — 6(ca1) — 6(da2)]xs;.
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Note that for any ¢,j = 1,2, we have
Olaij(arr + bia + co1 + do2)wij| — 0(zijar1245)
—0(ziib122i5) — 0(xsje01245) — 6(wijdoiy) = 0.

Then, for 7,j = 1,2, we get

xij[0(a11 + bia + c21 + da2) — 6(a11) — 6(b12) — 6(ca1) — 6(da2)]asj =0
By Condition (P4), we see that
[0(a11 + b2 + c21 + da2) — 6(a11) — 0(bi2) — 6(ca1) — 6(da2)];s =0, i,5=1,2.
Equivalently,
d(ar1 + bia + o1 + daz) — 6(a11) — 6(b12) — d(ca1) — 0(dag) = 0.

Lemma 3.2. (Z) (5(@12 + b12622> = (5(@12) + (5(()12622).
(2) 6(a21 + bazcar) = 0(az1) + 0(bazcar).

Proof. (1) We first note that
e1 + a1z + biacoy = (€1 + a1z + caa)(e1 + bi2)(e1 + ara + c22).
By applying Lemma 3.1, we have

d(e1) + d(aiz + biacon)
= d(e1 + a1z + bizcar)
d[(e1 + a12 + c22)(e1 + bia)(e1 + a1z + c22)]
= d(e1 + a1z + c22)(e1 + bi2)(er + aiz + c22)
+(e1 + aiz + ca2)d(er + biz)(e1 + a1z + c22)
(€1 + a1z + ca2)(e1 + b12)d(e1 + a1z + c22)
= [0(e1) + d(a12) + d(c22)](e1 + bi2)(e1 + aiz + c22)
(e1 4 a12 + c22)[d(e1) + d(b12)](e1 + a1z + c22)
(e1 + a2 + c22)(e1 + b12)[d(e1) + d(a12) + I(c22)]
(e1) + d(a12) + d(ca2)]e1(er + a1z + caz) + (€1 + a1z + caz2)d(e1)(e1 + ara + ca2)
( b
(e1
6
(
(

+

+ +

0

I
+ =

e1 + ayz + caz)er[d(er) + 0(ar2) + d(caa)] + [6(e1) + d(c2z)|bra(er + c22)
+ ¢22)0(b12)(e1 + ca2) + (e1 + c22)bi2[d(e1) + §(caz)]
+[0(a12) + 0(c22)](e1 + bi12)(a12 + c22) + (ai2 + c22)[d(e1) + 6(b12)](a12 + c22)
a12 + ca2)(e1 + b12)[0(ar2) + 6(ca)] + [0(e1) + 6(a12)]bi2(e1 + a12)
+(e1 + a12)0(b12)(e1 + ar2) + (€1 + a12)bi2[d(e1) + 6(a12)]
= dl(e1 + arzcan)er(er + aiz + c22)] + 0[(e1 + coa)bia(er + c22)]
+0[(a12 + ca2)(e1 + bia)(a12 + ca2)] + 0[(e1 + a12)bia(e1 + a12)]
= d(e1 + a12) + d(biacao)
= d(e1) +d(a12) + d(bizcaa).
Notice that in the fifth equality we use the facts that

+

_l_

0 = d(ai2b12a12) = 6(a12)bi2a12 + a128(b12)a12 + a12b120(a12)
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and

d[(a12 + c22)(e1 + bi2)(ai2 + c22)]
d(a1z + ca2)(e1 + biz)(a12 + c22)

+(a12 + c22)d(e1 + bi2)(a12 + c22)
+(a12 + c22)(e1 + b12)d(a12 + c22)
[0(a12) + 0(c22)](e1 + b12)(a12 + c22)
+(a12 + c22)[d(e1) + 6(b12)](a12 + c22)
+(a12 + c22)(e1 + b12)[0(a12) + d(c22)].

(2) The proof is similar to that of (1), so we omit it.

Lemma 3.3. ¢ is additive on Rya.

Proof. We need to show that

6(ar2 + biz) = d(ai2) + 6(b12)

holds true for any aj2,b12 € Ris.
For any z1; € Ryj, j = 1,2, from

S[z1(ar2 + biz)x1;] = 0 = 0(z15a12215) + 0(715b12215)

we can get

This implies that
[6(a12 + b12)

—d(a12) — d(b12)]11 = [0(a12 + bi2) — 6(a12) — 0(b12)]21 = 0.
Similarly, by considering

xlj [(5((112 + b12) — 5(0,12) — 5(b12)]$1j = 0

dxaz(aiz + bi2)zas] = 0 = 0(222a12222) + 0(z22b12222)

for any x9s € Rz, we can conclude that [§(ai2 + b12)
We now show that [6(a12 + b12) — d(a12)

one hand,

dz21(a12 + bi2)xa1]

= 0(z21)(@12 + bi2)xar + x216(a12 + bi2)za1 + x21(a12 + bi2)d(x21).

On the other hand, by Lemma 3.2 (2),

Then we can get

Similarly, we have

dxa1(a12 + bi2)xa1]

d(wa1a1221 + 21b12721)

d(w21a12221) + d(w21b12221)

d(wa1)a12w21 + 2210(a12)T21 + T21a120(221)
+0(221)b12291 + T210(b12) 221 + 2210120 (221).

x21[0(a12 + bi2) — d(aiz) — 0(b12)]x21 = 0,
which leads to [0(a12 + b12) — d(a12) — 0(b12)]12 = 0. This completes the proof.

Lemma 3.4. § is additive on Ra;.

—6(a12) — 0(b12)]22 = 0.
— (5(()12)]12 = 0. For any raj € R21, on

13
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Lemma 3.5. § is additive on Rqq.

Proof. Let a11 and by; be arbitrary elements of Ri;. By considering d[x;;(a11 +
bi1)zi;], 6(xija11245), and 0(z;5b112:5) for the cases of i # j and ¢ = j = 2 respec-
tively, one can easily get that

[0(a11 + b11) — 0(a11) — d(b11)]12 =0,
[0(a11 + b11) — 6(a11) — 8(b11)]21 =0,
[0(a11 + b11) — d(a11) — 6(b11)]22 = 0.
In order to complete the proof, we need to show that
[0(a11 + b11) — 6(a11) — 6(b11)]11 = 0.
We now claim that, for any r1; € Ry; and z12 € Ryo,
(3.1) d(r11z12) = 0(er)riiziz + e16(r11) 12 + r116(x12) + 0(z12)r11 + T120(711 )€1
Indeed, by Lemma 3.1,
6(7‘11) + 5(7‘113312)
= (ru +ruzie)
= Of(e1 +z12)ri(er + z12)]
= d(er +z12)r11(er + z12) + (€1 + z12)6(r11) (€1 + x12) + (e1 + z12)m116(€1 + 212)
= O(r11) + 0(e1)r1z12 + €10(r11)x12 + r110(x12) + (x12)7r11 + 2120(r11) €1
Note that in the last equality we are using the facts that
5(7”11) = (5(617“1161) = 5(61)’)‘1161 =+ 61(5(7‘11)61 + 617‘11(5(61)
and
0 = d(x12r11212) = 6(x12)r11212 + T120(r11) @12 + T127116(X12).

Replacing 711 in Equation (3.1) with ai1 +b11, a11, and by respectively, one can
get

0l(ar1 + bi1)x12]
= d(e1)(@11 + bir)zi2 + e1d(arr + bir)z12 + (@11 + b11)d(212)
+0(z12)(@11 + b11) + z128(a11 + bi1)er
and, also by Lemma 3.3,
d[(a11 + b11)z12]
d(ar1z12) + 6(b11212)
= d(er)annziz + e1d(ai1)z12 + a116(x12) + d(xi2)air + xi20(ai1)er
+d(e1)brizie + e10(b11)z12 + b110(x12) + 0(z12)b11 + 2126(b11)er.
Comparing the above two equalities, we arrive at
[0(a11 + b11) — d6(a11) — d(b11)]z12 = 0.
It follows from Condition (P1’) that
[0(a11 + b11) — 6(ar1) — 6(b11)]11 = 0.

Lemma 3.6. J is additive on Ras.
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Proof. With the similar approach as in Lemma 3.5, one can get
[0(ag2 + baa) — 0(aza) — d(b22)]11 = 0,
[0(aga + baa) — 6(ag2) — 0(b22)]12 = 0,
[0(az2 + baz) — 6(aga) — 6(baz)]21 = 0.
To complete the proof, it remains to show that
[0(ag2 + ba2) — 0(aza) — 0(b22)]22 = 0.
For any x12 € R12 and 199 € Ras, from
T197r92 = (€1 + T22)T12(e1 + 722)
one can check that
(3.2) d(w12m22) = d(e1)w12m2 + €16(T12)ron + T220(T12)e1 + T120(r22).
Now, applying Equality (3.2) for ros = age + boa, 792 = aga, and res = bag
respectively, we can get
x12[0(ag2 + bag) — d(azz) — §(bas)] = 0.
It follows from Condition (P2") that [d(age + baz) — d(azz) — d(baz)]22 = 0, which
completes the proof. O

Applying Lemma 3.1 and Lemmas 3.3 - 3.6, we can get the following result using
the same approach as in the proof of Theorem 2.8.

Theorem 3.7. Suppose R is a ring containing a nontrivial idempotent and satisfies
the following conditions:

(P1') If a;1212 = 0 for all x12 € Rya, then a;; = 0.

(PQ’) If L1029 = 0 fO’f‘ all x15 € ng, then ass = 0.

(P4) If x;jaz;; = 0 for all x;; € Ry; (1,7 € {1,2}), then aj; = 0.

If a mapping § : R — R satisfies

d(aba) = 6(a)ba + ad(b) + abd(b)  for all a,b € R,

then 0 is additive, and hence a Jordan triple derivation.

Note that every Jordan triple derivation on a 2-torsion free semiprime ring is a
derivation (see [2]). By Lemma 1.5 we have

Corollary 3.8. Let R be a 2-torsion free semiprime ring containing a nontrivial
idempotent and satisfying

(P]I) [f a11x12 =0 fOT all 15 € Ry9, then a1 = 0.

(PQ’) [f T12a92 = 0 fOT all x19 € Ryo, then ass = 0.

(03) Ifa:ijaxij =0 for all Tij € Rij (Z 7é j), then Q55 = 0.

If 6 : R — R satisfies

d(aba) = 6(a)ba + ad(b) + abd(b)  for all a,b € R,
then ¢ is additive. Moreover, § is a derivation.
In particular, applying Lemma 1.6, we get

Corollary 3.9. Let R be a 2-torsion prime ring containing a nontrivial idempotent.
If § : R — R satisfies

d(aba) = §(a)ba + ad(b) + abd(b)  for all a,b € R,

then ¢ is additive. Moreover, § is a derivation.
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Corollary 3.10. Let A be a standard operator algebra in X, where X is a Banach
space with dimX > 1. If a mapping 6 : A — A satisfies

0(ABA) =6(A)BA+ A6(B)A+ ABG4(A)  forall A,B € A,
then ¢ is additive. Moreover, § is an additive derivation.

Acknowledgement: The authors thank the referee who suggests generalizing
the original results to a larger class of rings.
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