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(HOPF) ALGEBRA AUTOMORPHISMS OF THE HOPF
ALGEBRA UZ20(sl3)

XIN TANG

ABSTRACT. In this paper, we completely determine the group of
algebra automorphisms for the two-parameter Hopf algebra UTZS (sl3).
As a result, the group of Hopf algebra automorphisms is deter-
mined for UES (sl3) as well. We further characterize all the deriva-
tions of the subalgebra U, (sl3), and calculate its first degree
Hochschild cohomology group.

INTRODUCTION

Motivated by the study of down-up algebras [2], a two-parameter
quantized enveloping algebra (quantum group) U, s(sl,) has recently
been investigated by Benkart and Witherspoon in the references [3, [4].
The two-parameter quantized enveloping algebra U, 4(sl,) remains as
a close analogue of the one-parameter quantized enveloping algebra
U,(sl,,) associated to the finite dimensional complex simple special lin-
ear Lie algebra sl,,. As a matter of fact, the two-parameter quantized
enveloping algebra U, (sl,,) shares many similar properties with its
one-parameter analogue.

For instance, the two-parameter quantized enveloping algebra U, 4(sl,,)
is also a Hopf algebras and it admits a triangular decomposition. Be-
sides having a similar representation theory to that of the one-parameter
quantum group U,(sl,,), the Hopf algebra U, 4(sl,,) can be realized as
the Drinfeld double of its Hopf sub-algebras UZ)(sl,) and Us)(sl,).
However, the algebra U, (sl,,) does have some different ring-theoretic
features in that U, (sl,) is more rigid and possesses less symmetries.
In addition, the center of the algebra U, s(sl,,) shows a different picture
as well [1].

Date: January 7, 2011.
2000 Mathematics Subject Classification. Primary 17B37,16B30,16B35.
Key words and phrases. Algebra automorphisms, Hopf algebra automorphisms,
Derivations.
This research project is partially supported by Funds from the HBCU Master’s
Degree STEM Program at Fayetteville State University.
1



2 X. TANG

To better understand the structure and properties of the algebra
U, s(sl,,), one naturally starts with the investigations of its subalgebra
U, (sl,) and Hopf subalgebra U7 (sl,). In this paper, we will study
the algebra U (sl3) in terms of its derivations, and its augmented Hopf
algebra UESO (sl3) in terms of its algebra automorphisms and Hopf alge-
bra automorphisms. We shall determine all the algebra automorphisms
and Hopf algebra automorphisms of UZ?(sl3). In addition, we will char-
acterize all the derivations of U (sl3). As a result, we will compute
the first Hochschild cohomology group of the algebra U, (sl3).

Now let me briefly mention the methods which we shall follow. In
order to determine the algebra and Hopf algebra automorphisms of
UZ0(sls), we shall closely follow the approach used in [5]. In order
to characterize the derivations of U, (sl3), we shall embed the algebra
Ut (sl3) into a quantum torus, whose derivations had been explicitly
described in [7]. We would like to point out that this embedding will
allow us to extend the derivations of U[ (sl3) to the derivations of the
associated quantum torus. Therefore, via this embedding, we shall be
able to pull the information on derivations back to the algebra U (sl3).
Based on a result on the derivations of quantum torus established in [7],
we will be able to determine all the derivations of the algebra U, (sl3)
modulo its inner derivations. As an immediate application, we show

that the first Hochschild cohomology group HH' (U, (sl3)) of U, ,(sls)
is a 2—dimensional vector space over the base field C.

The paper is organized as follows. In Section 1, we recall some basic
definitions and properties on the two-parameter quantized enveloping
algebras U (sl3) and its augmented Hopf algebra 0%2(5[3). In Section
2, we determine the algebra automorphism group and Hopf algebra
automorphism group of UESO(Slg). In Section 3, we characterize the
derivations of U[ (sl3), and compute the first Hochschild cohomology

group HHY (U}, (sl3)).

yS

1. DEFINITIONS AND BASIC PROPERTIES OF U, (sl3) AND UZ0(sl3)

L.1. Definition and basic properties of U (sl3). Motivated by the
study of down-up algebras, a two-parameter quantized enveloping al-
gebra U, (sl,,) associated to the finite dimensional simple complex Lie
algebra sl,, has been recently studied by Benkart and Witherspoon in
[3] and the references therein. For the purpose of this paper, we shall
only recall the definitions of the algebras U, (sl,,) and UZ)(sl,,), which
are indeed subalgebras of U, 4(sl,). One easily sees that the algebra
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U/, (sl,) can be regarded as a two-parameter quantized enveloping al-
gebra of a maximal nilpotent Lie subalgebra of the Lie algebra sl,,.

Let C' = (a;;) denote the Cartan matrix associated to the Lie algebra
sl,. Let us define the following notation:

<1,j >=a;;fori < j;
<i,i>=1fori=1,--- ,n—1;
<1,j >=0fori > j.

Suppose that r, s € C such that r™s” = 1 implies m = n = 0. We
recall the following definition:

Definition 1.1. The two-parameter quantized enveloping algebra UESO (sl,)
is defined to be the C—algebra generated by E;, W; subject to the fol-
lowing relations:

WEWE = WEWEL
Wiilwfl =1

WiE; = r<i>s=<bi> B,

E’Ei1 — (r+8)EEi 1 B+ rsEi E} = 0;

ELE — (r '+ s EmEE +r s EE?, = 0.

And the algebra U (sl,) is defined to be the subalgebra of U7 (sl,)
generated by E;.

From [3], we know that the two-parameter quantized enveloping al-
gebra U70(sl,) has a Hopf algebra structure, which is defined by the
following coproduct, counit and antipode:

A(WEY) = WA @ W,
AE)=E®1+W,;® E;
(W) =1
e(E;) = 0;
S(VViﬂ) = Wfl;
S(E;) = W, 'E;.
When n = 3, one has the corresponding two-parameter quantized

enveloping algebra U (sl3), which will be of one of the major objects
in this paper. In particular, we recall the following definition:
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Definition 1.2. The algebra U, (sl3) is defined to be the C—algebra
generated by the generators F, E5 subject to the following relations:

BBy — (r+8)E\Ey By + rsByE? = 0;
E\E5 — (r+8)E\EyEy + rsE3E; = 0.

Naturally, one may think of the algebra U (sl3) as a two-parameter
quantum Heisenberg algebra. Indeed, the algebra U;“s (sl3) shares many
similar properties as the algebra U (sl3), which has been traditionally
called the quantum Heisenberg algebra.

In addition, we recall the definition of the following Hopf subalgebra
algebra of U, ,(sl3):

Definition 1.3. The Hopf algebra U7 (sl3) is defined to be the C—algebra
generated by FEy, Ey, Wi, W5 subject to the following relations:

WAW =1 =W,

WiWy = WoWi;
WlEl = T’S_lElWl;
W1E2 == SEQWl;

WoE) = r ' EyWy;

WoEy = 15 1 EyWo:

E}E; — (r+ s)E\EyEy + rsEyE? = 0;
E\E; — (r+ 8)EyE\Ey + rsE; By = 0.

However, we should mention that we will not study the Hopf algebra
U7 (sls) in this paper. Instead, we will study its augmented version
UZ0(sl3), which we shall define in the next subsection.

Before we introduce the Hopf algebra UESO (sl3), let us mention some
basic properties of the algebra U (sl3) in the rest of this subsection.
It is easy to see that the two-parameter quantized enveloping algebra
U, (sl,) can also be presented as an iterated skew polynomial ring and
a PBW-basis can be constructed for U, (sl,,) as well. For conveniences,
we shall only recall the skew polynomial presentation for the algebra
U/, (sl3) here. For the general construction, we refer the reader to
references [11, §].

First of all, Let us fix some notation by setting the following new
variables:

E1 = El, E2 = E27 E3 = E1E2 — SEgEl.
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Then it is easy to see that we have the following relations between
these new variables:

E1E3 = TEgEl, E2E3 = T_lEgEQ.

Now let us further define some algebra automorphisms 75,73 and
some derivations ds, d3 as follows:

To(E1) =r Ey;
d2(Er) = 0;
3(E)) = s By
m3(E3) = r ' Es;
03(Ey) = —s ' E3;
03(E3) =

Then it is easy to see that we have the following result

Theorem 1.1. The algebra U/ (sl3) can be presented as an iterated
skew polynomial ring. In particular, we have the following result

U (sls) = C[E:][E3, T2, 02][Es, T3, 03]

O
Based on the previous theorem, we have an obvious corollary as
follows:

Corollary 1.1. The set {EiE}E¥|i,j,k > 0} forms a PBW-basis of
the algebra Uf (sl3). In particular, Uf (sl3) has a GK—dimension of
3.

O

1.2. The Augmented Hopf algebra UZ"(sl3). In this subsection, we
shall introduce an augmented Hopf algebra Ufso(ﬁlg), which contains
the algebra U:S(slg) as a subalgebra and enlarges the Hopf algebra
UESO((SZ;),).

First of all, we need to define the following new variables:
K= WiPwR o Ky = w P

Then we have the following definition of UZ0(sl3).
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Definition 1.4. The algebra UZ%(sl3) is a C-algebra generated by
B, By K fd, K2jEl subject to the following relations:
KK '=1=KK; "
KKy = Ky Ky;
K\Ey = r'?s 2B E Ky,
KBy = 3P By Ky
KyB, = r BT3B Ky;
KyBy = 357 3By Ky,
E2Ey — (r + 8)E\Ey By + rsEyE? = 0;
E\E; — (r+ 8)Ey B Ey + rsE; By = 0.
O

In order to introduce a Hopf algebra structure on Ufso(slg,), let us
further define some operators as follows:

AE)=F 1+ KK;,'® E;
A(Ey) = B2 ® 14+ K{'K3 ® Eo;
A(Ky) = K, ® K
A(K3) = Ky ® Ky;
S(E)) = —K{Ky 'Ey;
S(Ey) = —K;'K3 Fy;
S(Ky) = Kfls
S(Kz) = Ky
€(Ey) = €(Fy) = 0;
e(Ky) = e(Ky) = 1.
Then it is straightforward to verify the following result:

Proposition 1.1. The algebra Ugs(](ﬁlg) is a Hopf algebra with the co-
product, counit and antipode defined as above.

O
Recall that we have F3 = E1Fy — sEyFy, then it is easy to see that
we have the following result

Theorem 1.2. The algebra UESO(SZ?,) has a C—basis
(K"KPEEJEY | m,n € Z, i, j, k € Zxo}.

|

In particular, one can see that all the invertible elements of UZ(sl3)
are of the form AK" K} for some A € C* and m,n € Z.
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2. ALGEBRA AND HOPF ALGEBRA AUTOMORPHISMS OF UZ0(sl3)

In this section, we will first determine the algebra automorphism
group of the algebra UZ0(sl3). As a result, we are able to determine
the Hopf algebra automorphism group of UZ0(sl3) as well. We will
closely follow the approach used in [5].

2.1. The algebra automorphism group of U%O(slg). Suppose that
NS Autc(f]%o (sl3)) is an algebra automorphism of the algebra U%O (sl3).
Note that the elements Ky, K, are invertible in UZ%(sl3) and 6 is an al-

gebra automorphism, then the elements 6(K;) and 0(K>) are invertible
too. Therefore, we have the following

Q(Kl) = aleKg, Q(Kz) = CLQKIZK;U

for some ay,as, € C* and z,y, 2z, w € Z.

Let My = (M;;) denote the corresponding 2 x 2—matrix associ-
ated to the algebra automorphism theta. Specifically, we will set
My = x, M5 = y, My = z and My = w. Since # is an algebra
automorphism, we know that the matrix My is an invertible matrix
with integer coefficients. In particular, we have the following

Tw —yz = +1.
Suppose that for [ = 1,2, we have
Bl 87 B}
0(Er) = Z aml,m,ﬁ;,ﬁfﬁ?K{anglEf Ey' Eg
ml7nl1ﬂll7ﬁl2)18?

where a, g1 52 53 € C* and my,m; € Z and B, B2, B € L.
Then we have the following

Proposition 2.1. Let 6 € Aut@((yfso(slg)) be an algebra automorphism
of UZ(sls), then we have My € GL(2, Zxy).

Proof: The proof of Proposition 2.1 in [5] can essentially be
adopted here word by word with the replacement of s by r~!. For
the reader’s convenience, we will present the detailed proof here.

Since K 1E, = r'/3s723F K, and KyE, = r~Y/3s 13 E| K,, we have
the following

H(Kl)Q(El) = 7’1/3872/30(E1)9(K1);
0(K2)0(Ey) = r~ 3730 By)0( ).

Via a detailed calculation, we further have the following

(B1 + Bl)x + (B + BY)y = 1
(B1 + BY)z + (BT + Bi)w = 0.
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Similarly, we also have the following

(By + B3)z + (B3 + B3)y =0
(BY + Bz + (B2 + Bw = 1.

Now let us set a 2 x 2—matrix B = (b;;) with the following entries

bir = (B + B7);
b1 = (B} + 57)
bz = (B3 + B3);
by = (B3 + 53).

Then we have the following system of equations

I

bz + by = 1;
b2 + by = 0;
buz + bglw = 0,
bioz + boow = 1.

This implies that the product MyB of matrices My and B is equal
to the identity matrix. Therefore, we have My-1 = B, where My-1 is
the corresponding matrix associated to the algebra automorphism 1.
Note that the entries b1, bia, ba1, bog are all nonnegative integers, thus
we have Mg—l S GL(Q,ZZ())

Applying similar arguments to the algebra automorphism =1, we
can prove that My € GL(2,Z>o) as desired. g

To proceed, we now recall an important lemma (Lemma 2.2 from
[5]), which characterizes the matrix Mp:

Lemma 2.1. If M is a matriz in GL(n,Zso) such that its inverse
matriz M~ is also in GL(n, Z>), then we have M = (0;5(j))i, where
o 1s an element of the symmetric group S,.

O
Based the previous Proposition and Lemma, we immediately have
the following result

Corollary 2.1. Let 0 € Autc(UZ2(sl3)) be an algebra automorphism
of UZ(sls). Then for | =1,2, we have

0(K1) = alsq)

where o € S and a; € C*.

Furthermore, we can further prove the following result:
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Proposition 2.2. Let 0 € Autc(UZ2(sl3)) be an algebra automorphism
of [v]sso(slg). Then for 1 = 1,2, we have

0(E;) = b K"Ky Eyq)
where by € C* and m;,n; € Z.

Proof: Let 6 € AutC(UESO(slg)) be an algebra automorphism of

UZ0(sls). To prove the proposition, there are two cases to consider:
Case 1: Suppose that 0(K;) = a1 K; and 0(K3) = asKs, then we
need to prove that

Q(El) - blK{anglEl, H(EQ) == bQK{nzK’QnQEQ.
Since K1 F; = r'/3s2BE K, and KyF; = r Y35 1/3E, K,, we have
the following
9(K1)0(E1) = 7’1/38—2/3¢9(E1)9<K1);
0(K2)0(Ey) = r~ 37 130(10,)0(K,).
Thus we have the following
m1 gony 81 BT B3
aFKi( Y s s KK E B, By
m1,n1,81,5%,67
= ar' BB N b s KK B B ESDK.
mi,n1,61,68%.67
We also have the following
1 2 3
az Fo( Z bml,nl,ﬁll,,ef,ﬁgKmeglEflEéBlE:fl)
mi,n1,581.8%,68
= ar BB b s KK ENE) EYK,.
mi1,n1,81,8%2,83
Via detailed calculations and simplifications, we have the following
Bi+B =1 Bi+5 =0
Based on the fact that Bf are nonnegative integers, we have that
Bi=1, Bi=0=4.
Similarly, we can also have the following
By=p3=0, p3=1

Thus we have proved Case 1.
Case 2: Suppose that §(K;) = a; Ky and 6(K3) = as K7, we need to
prove that 6(E;) = by K" K3' Ey and 0(FEs) = by K" K3?E;. Since the
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proof goes the same as in Case 1, we will not repeat the detail here.
O

Furthermore, we can easily verify that Fy, Fs can not be exchanged.
In particular, we have the following result

Corollary 2.2. Let 0 € Autc(UZ2(sl3)) be an algebra automorphism.
Then forl = 1,2, we have

G(Kl) = CLIKZ, G(El) = blKian;lEl
where a;, by € C* and my,n; € Z.

O
Now we are going to prove one of the main results of this paper,
which describes the algebra automorphism group of UZ2(sl3):

Theorem 2.1. Let 0 € Autc(U%O(slg)) be an algebra automorphism of
UES()(ﬁlg). Then for | = 1,2, we have the following

0(K) =akK, O0(FE)=buKIKiE, 0(E,)=0bK{KiE,
where a;, by € C* and a,b,c,d € Z such thatb=c,a+b+d = 0.

Proof: Let 6 be an algebra automorphism of UES()(ﬁlg) and suppose
that

0(E)) = bW KIKLE,, 0(F,) = byK¢KIE,.
Then we have the following
(K{ K3 B (KYESE) (KRS Ey) = (r B0y (r 1061 9) (1 352/

1/3 .1/3\2d g 2a+c 1 2b+d 172
—a+b—2¢+2d)/3S(2a+b+4c+2d)/3

(r
(r
g ’]"(
K12a+CK22b+dE12E2;
and
(KRB (RSB (KT KE) = (Y3580t
(7,71/352/3)11(r72/381/3)b(r1/351/3)b
K12a+cK22b+dEl E2E1
_ ,r,(72a7b70+d)/3S(a+2b+2c+d)/3
K12a+cK22b+dE1E2El;
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and
2 1 1) = (r777s s res
KfKQdE KngE KingE 1/3 .—1/3\a 2/3 ,1/3\b 2/3 .1/3\a
(7,71/352/3)bK12a+cK22b+dE2E%
— T(—Sa—3b)/383b/3K12a+c
K*Hp,E?,
Applying the automorphism 6 to the first two-parameter quantum
Serre relation

E2Ey — (r+ 8)E\Ey By + rsEyE? = 0,
we have the following system of equations
—a+b—2c+2d = —2a—-b—c+d;
—3a—3b = —2a—b-—c+d;
20 +b+4c+2d = a+2b+2c+d;
3b = a+2b+2c+d.

It is easy to see that the previous system of equations is reduced to
the following system of equations

a+2b—c+d = 0
a—b+2c+d = 0.
Similarly, from the second two-parameter quantum Serre relation
E\E2 — (r + s)EyE\Ey + rsE2E, = 0,
we also have the same system of equations as follows
a+2b—c+d = 0
a—b+2c+d = 0.
Solving the system
a+2b—c+d = 0
a—b+2c+d = 0
we have that b = c and a+b+d = 0. Thus we have proved the theorem

as desired. O

2.2. Hopf algebra automorphisms of UZ%(sls). In this subsection,
we further determine all the Hopf algebra automorphisms of the Hopf
algebra UESO(Elg,). Let us denote by Aut Hopf(UESO (sl3)) the group of all
Hopf algebra automorphisms of UZ0(sls).

First of all, we have the following result
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Theorem 2.2. Let 6 € Aut oy (UZ0(sl3)). Then for I = 1,2, we have
the following

where by € C*. In particular, we have

Aut1ops (U (sl3)) = (C7)*.

Proof: Let 0 € Autyy,r(UZ%(sls)) be a Hopf algebra automorphism
of UZ2(sl3), then we have 6 € Autc(UZ0(sl3)). Therefore, we have the
following

0(K1) = aiKi;
0(Fy) = b K{KbE);
0(E;) = by K{ K3 Ey;
where a;,b; € C* for [ = 1,2 and a,b,c,d € Z such that b = ¢ and
a+b+d=0.

First of all, we need to prove that ¢ = 1 for [ = 1,2. Since 6 is a
Hopf algebra automorphism, we have the following

(0 ® 0)(A(K)) = A(O(k))
for [ = 1,2, which imply the following
a; = a
for [ = 1,2. Thus we have aq; = 1 for [ = 1,2 as desired.

Second of all, we need to prove that a = b = ¢ = d = 0. Note that
we have the following

A(0(Er)) = A(bleKgEl)
A KT K3)A(Ey)
b (KK ® KOKY) (B, ® 1+ KK,
— WLK!KYE) © KUKS + b KI KUK K, ? @ K{KYE,
= 0(E)® KK, + K{KYK? K, @ 0(E))

and

BRO(AE)) = 00)(B,o1+KK,'® E)
0(E) ®1+0(K?K;") @ 0(E,)
= (E)®1+ KIK,' ®0(F).

Since A(O(Ey)) = (0 ® 0)A(E,), we have a = b = 0. Since b = ¢ and
a+b+d=0,wehavea=b=c=d=0.
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In addition, it is obvious that the algebra automorphism 6 defined
by 0(K;) = K; and 0(E;)) = bE; for | = 1,2 is a Hopf algebra auto-
morphism of UZ(sl3) as well. Therefore, we have proved the theorem.
O

3. DERIVATIONS AND THE FIRST HOCHSCHILD COHOMOLOGY
GROUP OF U/ (sl3)

In this section, we determine all the derivations of U’ (sl3). In par-
ticular, we prove each derivation of U, (sl3) can be uniquely written
as the sum of an inner derivation and a linear combination to certain
specifically defined derivations. As a result, we are able to prove that
the first Hochschild cohomology group of U, (sl3) is a two-dimensional
vector space over the base field C. All these will be done through an
embedding of the algebra U,fs (sl3) into a quantum torus, whose deriva-
tions had been described in [7]. This method has also been successfully
used to compute the derivations of the algebra U,(sl;) in [6].

3.1. The embedding of U[ (sl3) into a quantum torus. In this
subsection, we embed the algebra U/, (sl3) into a quantum torus, which
enables us to extend the derivations of U/ (sl3) to derivations of the
quantum torus. Note that the algebra U7 (sl3) has a Goldie quotient
ring, which we shall denote by Q(U,,(sl3)). Inside the Goldie quotient
ring Q(U,,(sl3)) of U (sl3), let us define the following new variables

1

r—s

T'=FLE, 1Ty=F,— EsE[Y, T3 = FEs.

Concerning the relationships between the variables T;,7 = 1,2, 3, it
is easy to see that we have the following proposition

Proposition 3.1. The following identities hold:
(1) T1T2 = STQTl,'
(2) T1T3 = TTng,'

(3) TQTg = 7“_1T3T2.

O
Let us denote by A® the subalgebra of Q(U[,(sl3)) generated by
TF', Ty, Ty, then we have the following

Proposition 3.2. The subalgebra A3 is the same as the subalgebra of
Q(U,,(sl3)) generated by EY", Ey, E5. In particular, A® is a free module
over the subalgebra generated by Es, Es.
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O
Furthermore, let us denote by A” the subalgebra of Q(Uf,(sl3)) gen-
erated by T5, Ty, T5™'. Then we have the following proposition

Proposition 3.3. The subalgebra A? is the same as the subalgebra of
Q(U,fs(slg)) generated by EY', By, B

O

Similarly, let us denote by A' the subalgebra of Q(U,,(sl3)) gener-
ated by TllLl,Tzﬂ,T;d. Thanks to Proposition 3.1, we know that
the indeterminates 717, Ts, T3 generate a quantum torus, which we shall
denote by ()3 = Cr,s[Tftl, T Qﬂ, Tgi] In particular, we have the following

Proposition 3.4. The algebra A' = Q3 = C, [T, T3, T is a
quantum torus.

O
Now let us define a linear map

1: U:S(ﬁlg) — Qg

from U, (sl3) into A* = Q3 as follows

I(Er) =T, I(E) =T+ LT, I(Es) =T,

r—s

It is easy to see that the linear map Z can be extended to an al-
gebra monomorphism from U, (sl3) into A' = Q3. Furthermore, it is
straightforward to prove the following result:

Theorem 3.1. Let us set A* = Ul (sl3), Xy = {T} | i € Zxo}, X3 =
{Ti|i € Zso}, Y0 ={Ts|i € Z>o}, then we have the following
(1) A% = A'S

(2) AQ — ASEgl;
(3) At = A%,
(4) A* C A3 C A2 Cc AY;

(5) The center of A® is the base field C fori=1,2,3, 4.

O
From the reference [7], one knows that a derivation D of the quantum
torus A' = Q3 is of the form D = ad;+J where ad, is an inner derivation
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determined by some t € A%, and § is a central derivation which acts on
the variables T;,i = 1,2, 3 as follows:

0 (Tz) = oy T;
for o; € C.
Let D be a derivation of Uf,(sl3) = A*. According to the previous
theorem, one can extend the derivation D to a derivation of A’ for
i = 3,2,1, and thus a derivation of the quantum torus A!. We still

denote the extension by D. Therefore, as a derivation of the quantum
torus A, the derivation D can be decomposed as follows

D= Gdt + )
where ad, is an inner derivation determined by some ¢ € A!, and ¢ is a
central derivation of A' which is defined by §(T;) = o, T; for a; € C,i =
1,2,3.
Now we are going to prove that the element ¢ can actually be chosen

from the algebra U;fs (sl3) and the scalars aq, s and ag are related to
each other. In particular, we have the following key lemma.

Lemma 3.1. The following is true:
(1) The element t can be chosen from U, (sl3);

(2) We have az = ag + aa;

(3) We have D(E;) = adi(E;) + o, E; fori=1,2,3.
Proof: First of all, we show that ¢ € A?. Suppose that we have
t= Zi,j,k aZ’JykaTgT;: S Al-
If £ > 0 for all k, then we are done. Otherwise, let us set
to=Y ai T TITy
k<0
and o
ty =Y ai TiTITY.
k>0
Then we have that t =¢_ 4+ 1.
First of all, we have the following
D(Tl) = adt(Tl) + 6<T1)
= (t_Tl — Tlt_) + (t+T1 — T1t+) + Ofl(T1>
for some «; € C.

Since D is a derivation of the algebra U, (sl3) and the variable 77 is
in the algebra A* = U (sl3), we have that the element D(T}) is in the
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algebra A%, and furthermore in the algebra A2. Note that the elements
of A% don’t involve negative powers of the variable T,, thus we have
the following

t_Tl = Tlt_.

Therefore, we have the following

T ai b TITTY) = O aijwr? STITYTT
k<0 k<0
= O ai i TTT) Ty
k<0
Thus we have £ = 0. Since we are supposed to have k& < 0 in the
expression of t_, we have run into a contradiction. Therefore, we have
that t_ =0 and t = t, € A% Similarly, we can also prove that t € A3.
Since the algebra A? is also generated by the elements Eif', E,, Es,
we have the following

_ i J ok
t= ) a.EiE}E;.
520,520

Applying the derivation D to the variable F5, we can further prove
that i > 0. Therefore, we have proved that t € A* = U[ (sl3) as
desired.

Since we have D = ad, + 0 for some ¢ € U (sl3), we have

D(Es) = ady(Bs) + 8(Ey)

= (tEy — Eyt) + 6(Ty + TsTh)

r—S
= (tE2 — EQt) + (67%) (T2 +

1
"‘—(053 — Q] — OéQ)Tngl

1)

r—sS

1
= (tEQ — Egt) + OéQEQ + :(Qg — 1 — OéQ)Tng_l.
Note that D(E,) € U, (sl3), we have (a3 — oy — o) 13Ty ' € A%,
Thus we have the following
a3 = a1 + Qo

and
D(Eg)) = adt(E2> + O./QEQ.

So we have the proved the lemma as desired. O
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Now let us define two derivations Dy, Dy of the algebra U;; (sl3) as
follows:
Di(Ey) = Ei, Dy(E;) =0, D(E3)=FEj;
Dy(Ey) =0, Do(Es) =Es, Dy(E3)=Es.

Based on the previous lemma, we have the following

Theorem 3.2. Let D be a derivation of U (sl3). Then we have
D = ad; + p11 D1 + p2 Do
for some t € Ul (sl3) and p; € C fori=1,2.

O

Recall that the Hochschild cohomology group in degree 1 of U:S (sl3)
is denoted by HH' (U, (sls)), which is defined as follows

HH'(U/(sl3)): = Der(U/,(sl3))/InnDer(U, (sl3)).

where InnDer(Uf (sl3)): = {ad; | t € U7 (sl3)} is the Lie algebra of
inner derivations of U, (sls). It is well known that HH'(U,(sl3)) is a
module over HH(U},(sl3)): = Z(US,(sl3)) = C.

Now we state the structural result for the first Hochschild cohomol-
ogy of U7 (sls).

Theorem 3.3. The following is true:
(1) Every derivation D of U (sl3) can be uniquely written as fol-
lows:
D = ady + p1 D1 + p2 Do
where ad, € InnDer(UJ (sl3)) and juy, pp € C.

(2) The first Hochschild cohomology group HH (U} (sls)) of U, (sl3)
is a two-dimensional vector space spanned by Dy and Ds.

Proof: Suppose that we have ad; + p1 D1 4 pa Do = 0, then we need
to prove that uy = ps = ad; = 0. Let us set 6 = py Dy + poDs. Then
is a derivation of the algebra U (sl3).

Note that we can extend the derivation § to a derivation of A!, and
we also have ad, +d = 0 as a derivation of A'. Furthermore, we have
the following

NTY) = mTy, O(T2) = poTs,  O6(T3) = (g + p2)Ts.

Thus the derivation ¢ is a central derivation of the quantum torus
A'. According to the result in [7], we have that ad; = 0 = §. Thus we
have p; = ps = 0 as desired.
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So we have proved the uniqueness for the decomposition of D, which
further implies the second statement of the theorem. O
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