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LIE DERIVABLE MAPPINGS ON PRIME RINGS

WU JING AND FANGYAN LU

ABSTRACT. Let R be a prime ring containing a nontrivial idempotent. Suppose
that a mapping § : R — R satisfies

([a, b]) = [6(a), b] + [a, 5(b)]
for all a,b € R. Then there exists a z,,, (depending on a and b) in its center
Z(R) such that

d(a+b) =0d(a)+(b) + za,p-
Moreover, if R is 2-torsion free additionally, then ¢ is of the form D + 7, where
D is a derivation of R into its central closure 7" and 7 is a mapping of R into
its extended centroid C such that 7(a+b) = 7(a) +7(b) + 24, and 7([a,b]) =0
for all a,b € R.

1. INTRODUCTION AND PRELIMINARIES

The motivations of this paper are the additivity of mappings on rings and char-
acterization of Lie derivations on prime rings.

In recent years, the additivity of mappings on rings has attracted the attentions of
many researchers. These mappings include multiplicative maps, (Jordan) derivable
mappings, Jordan (triple) mappings, Jordan elementary mappings, and so on (see
[1], [4]-[8], and references therein). For example, in his pioneer paper [8], Martindale
IIT obtained the following result.

Theorem 1.1. Let R be a ring containing a family {es : a € A} of idempotents
which satisfies

(1) xR = {0} implies x = 0.

(2) If e Rx = {0} for each a € A, then x = 0 (and hence Rx = {0} implies
x=0).

(8) For each o € A\, eqaeqR(1 — ey) = {0} implies eqxe, = 0.

Then any multiplicative bijective map from R onto an arbitrary ring R’ is addi-
tive.

In this paper, we want to continue the study of additivity of mappings on rings
by investigating Lie derivable mappings on prime rings. Recall that a mapping
from a ring R into itself is called a Lie derivable mapping if

5([a, b)) = [6(a), b] + [a,6(b)]

holds true for all a,b € R, where [a,b] = ab — ba is the usual Lie product of a and
b. Instead of being additive, we shall show that any Lie derivable mapping on any
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2 WU JING AND FANGYAN LU

prime ring R is nearly additive in the sense that for any a,b € R there is a 2,
(depending on a and b) in the center of R such that 6(a 4+ b) = d(a) + §(b) + zqp-

Recall that an additive mapping from ring R into itself is called a Lie derivation
if

d([a, b)) = [6(a),b] + [a, 6(b)]

holds true for all a,b € R.

There have been several results on the characterizations of Lie derivations on
rings. The first characterization on Lie derivations is due to Martindale III who
proved the following result in 1964.

Theorem 1.2. ([9]) Let L be a Lie derivation of a primitive ring R into itself,
where R contains a nontrivial idempotent and the characteristic of R is not 2 then
every Lie deriwation L of R is of the form L = D + T, where D is an ordinary
derivation of R into a primitive ring R containing R and T is an additive mapping
of R into the center of R that maps commutators into zero.

In 1993, Bresar generalized the above characterization of Lie derivations on prim-
itive rings to those on prime rings. He obtained the following theorem.

Theorem 1.3. ([3]) Let R be a prime ring of characteristic not 2. Let d be a Lie
derivation of R. If R does not satisfy Sy, then d is of the form § + T, where § is a
derivation of R into its central closure and 7 is an additive mapping of R into its
extended centroid sending commutators to zero.

As for characterizations on Lie derivable mappings on operator algebras, the
following result is proved in [7].

Theorem 1.4. Let X be a Banach space of dimension greater than 1 and § be a
Lie derivable mapping of B(X) into itself. Then § = D+ 7, where D is an additive
derivation and T is a map from B(X) into FI vanishing at commutators.

In this paper, we shall also generalize the above result on Lie derivable mappings
to prime rings by showing that every Lie derivable mapping on prime rings can
be expressed as the sum of an ordinary derivation D and a central mapping 7
which vanishes at each commutator and is nearly additive in the sense that for any
a,b € R there is a z,, (depending on a and b) in its center such that 7(a + b) =
7(a) + 7(b) + Zap-

Before proceeding, we list some notations and results which will be used to
prove our results. Let R be an arbitrary ring with a nontrivial idempotent e. We
write e; = e and e; = 1 — e;. Note that R need not have identity element. Put
eiRe; = Ry; for any ¢,5 = 1,2. Then we have the Peirce decomposition of R
as B = Ry1 © Ri2 © Ra1 @ Rye. Throughout this paper, the notation a;; will
denote an arbitrary element of R;; and any element a € R can be expressed as
a = a1 + a1z + as1 + ags.

For a prime ring R (i.e., aRb = {0} implies a = 0 or b = 0), we denote the
maximal right ring of quotients and the two-sided right ring of quotients of R by
Qmr(R) and @Q,(R), respectively. Note that R C Q,(R) C Qumr(R). The center
C = Z(Q.(R)) of Q-(R) is called the extended centroid of R. Note that the
extended centroid of any prime ring is a field. The subring RC' of @Q,,,-(R) is called
the central closure of R which is prime if R is prime. We denote the central closure
of R by T. More details can be found in Chapter 2 of [2].



LIE DERIVABLE MAPPINGS ON PRIME RINGS 3

Lemma 1.5. ([2] Theorem 2.3.4) Let R be a prime ring, and a,b € Qur(R).
Suppose that axb = bxa for all x € R. Then a and b are C-dependent.

We will make crucial use of the following lemmas.

Lemma 1.6. Let R be a prime ring with a nontrivial idempotent and i, j, k € {1,2}.
The center of R is denoted by Z(R).

(1) If a;jz = 0 for all x5, € Ry, then a;; = 0.

(2) If x;5a;, = 0 for all x;; € R;j;, then aji, = 0.

(8) If a11212 — T12a22 = 0 for all x12 € Rya, then ayy + aza = z for some
z € Z(R).

(4) If asexar — x21a11 = 0 for all xo; € Roy, then ayr + ase = z for some
z € Z(R).

(5) If a € R and [a,z12] = [a,x22] = 0 for all z125 € Ry2 and x29 € Rao, then
a € Z(R).

(6) If a € R and [a,e1] = [a,x;;] =0 for all z;j € Rij (i # j), then a € Z(R).

Proof. (1) and (2) are direct consequences of the primeness of R.
(3) For any x11 € Ry; and y12 € R12, we have

a11(z11912) = 11(Y12a22) = T11a11Y12.
It follows from (1) that
(1.1) 11211 = T11011-
Now for any x12 € R12 and y22 € Ros,
(T12y22)a2e = (a11712)Y22 = T12a22Y22-
By (2), we see that
(1.2) a22Y22 = Y22022.
Let 291 € Ro1 and y12 € Ryo be arbitrary. Applying Identity (1.2), we get
a2 (T21912) = T21(Y12a22) = T21011Y12,
which, by (1), implies that
(1.3) a22T21 = X21011.
Now, for any = € R, using Identities (1.1), (1.2), and (1.3), we have

(@11 +a)z = (a1 +a)(z11 + z12 + T21 + T22)

11711 + A11212 + A22T21 + G22X22

= 11011 + T12022 + T21011 + T22022
= (x11 + 212 + T21 +222)(a11 + a22)
z(a11 + ag2).

This gives us a11 + asz = z € Z(R).

(4) Tt is similar to (3).

(5) We write a = Z?,j:l a;j, aij € Rij. By [a,z29] = 0, we see that ajpzas =
T92021 = 0 for all Xog € R22. It follows from (1) and (2) that 12 = a1 = 0.

Now that [a, x12] = 0 implies a11212 = T12a22. It follows from (3) that a1 +ase €
Z(R), which completes the proof.

(6) It is similar to (5). O
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Lemma 1.7. Let R be a prime ring with a nontrivial idempotent and i, j, k € {1,2}.
(1) If aij € Tij and Qi Tk = 0 fOT all Tk € Rjk; then Qaij = 0.
(2) If aji € Tji and x50, =0 for all x;; € R;j;, then aj, = 0.

Proof. We only show (1).
Since a;; € Tjj, there exist aj; € R;; and ¢ € C' such that a;; = aj;c. Therefore,

a;jxj, = 0 for all z;;, € Rj;, is equivalent to a;jcxek = 0 for all x € R. It follows

that a;jxek = 0 since C' is a field. By the primeness of R, we see that a;j =0, and
so a;; = 0.
|

2. LIE DERIVABLE MAPPINGS ON PRIME RINGS

Throughout this section, we always assume that R is a prime ring containing a
nontrivial idempotent with center Z(R) and § : R — R is a Lie derivable mapping.

Lemma 2.1. 6(0) = 0.
Proof. Tt directly follows from 6(0) = 4([0, 0]). O
Lemma 2.2. For any a;; € Ry; and bj, € Ry, (i,j,k € {1,2} and j # k), there
exists a za;; b, € Z(R) such that

0(aii 4 bjx) = 6(ais) + 0(bjr) + Za,; ;-
Proof. We only prove the case when ¢ = j = 1 and k = 2. The rest of the proof

goes similarly.
For any x990 € Rao,

[0(a11), wa2] + [a11, 6(22)] + [(br2), w22] + [br2, 0(222)]
= d([ar1, w22]) + 6([br2, w22])
= 5(512$22)
d([a11 + b1z, x22])
= [0(a11 + bi2), x22] + [a11 + b12, 0(222)]-
This gives us
(2.1) [0(a11 + b12) — d(a11) — 8(b12), z22] = 0.
For any x15 € Ri2, on one hand we have
§([ar1 + b12, 212]) = [0(a11 + b12), T12] + [a11 + D12, d(x12)].
On the other hand, we have
0([a11 + b1z, 212])
= O(an1z12)
= d([ar1, 212]) + 6([br2, 212])
= [0(a11),z12] + [a11, 6(212)] + [6(b12), 212] + [b12, 6(212)]-

So we have that

[6(a11 + bi2) — 0(a11) — 0(b12), x12] = 0.
By Lemma 1.6 (5), this together with (2.1) implies that d(a11 + b12) — d(a11) —
d(b12) € Z(R), as desired. O
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Lemma 2.3. (1) 6(ai2 + bi2) = 0(a12) + 0(b12)-
(2) 8(az1 + ba1) = 6(az1) + 6(ba1).

Proof. We only show (1). One can get (2) in a similar manner.
Using Lemma 2.2, we have

d(ar2 + bi2)
= d([er — arz,e1 + b12))
= [0(e1 — a12),e1 + bia] + [e1 — a12,0(e1 + b12)]
= [0(e1) + d(—a12),e1 + bi2] + [e1 — a12,0(e1) + 0(b12)]
= O(ler, e1]) + 6([—a12, e1]) + 6([e1, bi2]) + 6([—a12, b12])
= 6(a1z2) +6(b12),
which completes the proof. (I
Lemma 2.4. For any a;;,b; € Ry; (1 € {1,2}), there exists a zq,, p,; € Z(R) such
that
0(aii + big) = 0(as) + 6(bis) + Zay b -
Proof. Suppose first that i = 1. For any x99 € Rag, we have
[0(a11), @22] + [a11, 6(w22)] + [0(b11), T22] + [b11, 0(w22)]
= ([a11, z22]) + 0([b11, z22])
= 0([a11 + b1, w22])
= [0(a11 + b11), z22] + [a11 + b11, 0(222)].
Then we can deduce that
(2.2) [6(a11 + b11) — 0(a11) — 6(b11), T22] = 0.
For any x5 € R12, we have
d(larr + b11, 212])
= d(anziz +biiz12)
= d(a11x12) + 0(b11212)
= O(la11, z12]) + 6([br1, 12]).
Note that in the second equality we are applying Lemma 2.3. Then we can obtain
[0(a11 + b11) — 6(a1r) — 8(b11), x12] = 0.

By Lemma 1.6 (5), this together with (2.2) implies that é(a11 + b11) — 6(a11) —
6(()11) S Z(R)

In a similar fashion, one can prove the case of i = 2. ([
Lemma 2.5. (5(@12 + b21) = 5(&12) + 5(b21)
Proof. Write (5(&12 + b21) — 5((112) — (S(bgl) = 22

ij=1
show that each u;; is zero. To do this, observe that

d(ar12 + b21)
= 5([b21 - a12,€1])
[6(b21 — a12), e1] + [ba1 — a12,9(e1)]
[0(b21 — a12), e1] + 6([b21, e1]) — [6(b21), e1] + 6([—ar2, €1]) — [0(—a12), e1]
[0(ba1 — a12) — 6(b21) — d(—a12),e1] + d(b21) + d(ai2).

Uij, Uij € Ryj. It suffices to
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This implies
2
Z Uij = [5(b21 - (112) — 5(1)21) — 6(—&12),61].
ij=1
Then we can conclude that w1 = usg = 0.
We now consider 6([a12 + ba1, 212]) for any z12 € Ria. On one hand, we have

6([ar2 + ba1, 12]) = [0(a12 + b21), T12] + [a12 + a1, d(x12)].
On the other hand, we also have
([a12 + 21, x12])
([b21, 712])
(lar2, 212]) + 0([ba1, 212])
[6(a12), z12] + [a12, 6(212)] + [0(b21), z12] + [b21, 6(212)].

These give us [u12 + u21,z12] = 0 for all z15 € Ryo, which implies that us; = 0.
Similarly, by considering d([a12+ba1,x21]) for arbitrary z91 € Ra1, we can obtain
that Ui = 0.

o
o
4]

O
Lemma 2.6. For aj; € Ri1 and bay € Raa, there is a zqy, by € Z(R) such that
0(a11 + b2z) = d(a11) + 9(b22) + Zayy bas-
Proof. First, we consider 6([a11 + bag, €1]) in two ways:

d([a1r + baz, e1]) = [0(a11 + ba2), e1] + [a11 + b2z, d(e1)]

and
d([a11 + b2z, €1])
=0
= ([ar1,e1]) + 6([ba2, €1])
= [d(a11), e1] + [ar1,6(e1)] + [0(ba2), €1] + [baz, 5 (e1)].
Consequently,
(2.3) [6(ai1 + b2z) — 6(a11) — d(b22),e1] = 0.

Next, we consider 6([a11 + bag, 12]) for any x12 € R1a. By Lemma 2.3, we have
0([ar1 + b2z, z12])

= d(anriz — x12b22)

= d(a11212) + 6(—212b22)

= (lai1, z12]) + 0([b22, T12]),
which, together with §([a11 + beg,x12]) = [0(a11 + be2), x12] + [a11 + baz, 6(z12)],
gives us

[0(a11 + b22) — 8(a11) — 6(b22), x12] = 0.

By Lemma 1.6 (6), this along with (2.3) implies that d(a11 +ba2) —d(a11) —d(ba2) €
Z(R). O
Lemma 2.7. For any a;1 € Rii1, bay € Ra1, and caa € Roo there exists a
Zayy bor.can € Z(R) such that

d(arr + ba1 + c22) = 6(a11) + 0(b21) + 6(c22) + Zayy bay con-
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Proof. With similar approach as in the proof of Lemma 2.6, one can get
(2.4) [(5(67/11 + b21 + CQQ) — 6(a11) — (S(bgl) — (5(022), 61] =0.
For arbitrary x21 € R12, we compute
[0(a11 + b1 + c22), Ta1] + [a11 + ba1 + 22, 0(x21)]
= 0([a11 + b21 + 22, %21])
d([arr + c22, 221]) + 6([b21, x21])
[0(a11 + c22), x21] + [a11 + ca2, 8(x21)] + [6(b21), z21] + [b21, 6(x21)]

= [0(a11) + 6(ca2), 1] + [a11 + ca2,0(z21)] + [6(b21), T21] + [b21, I (x21)]-

Note that in the last equality we are applying Lemma 2.6. Then we can infer that
[0(a11 + ba1 + c22) — 6(ar1) — 6(ba1) — d(ca2), x21] = 0.

By Lemma 1.6 (6), this together with (2.4) implies that §(a11 +ba1 +ca2) —(a11) —
0(ba1) — (ca2) € Z(R), which completes the proof.

a
Lemma 2.8. For any a11 € Ri1, bia € R1a, co1 € Ra1, and dos € Rao, there exists
@ Zayy broscor,des € Z(R) such that
d(a11 + bia + ca1 + da2) = 8(ar1) + 6(b12) + 8(c21) + 6(d22) + Zayy b1s.cor.das-
Proof. From
d([a1r + b1z + co1 + da2, €1])
= §(—bya + co1)
= §(=b12) + d(c21)
= O(la1r, e1]) + 0([br2, e1]) + 0([c21, e1]) + 0([d22, €1]),
one can easily get
[6(a11 4 bi2 4 c21 4 da2) — 0(a11) — d(b12) — 6(ca1) — 0(d22), e1] = 0.

We now consider §([a11 + b1a + c21 + dag, x12]) for any 212 € Ry3. Using Lemma
2.7 we obtain

d([a1r + b1z + co1 + da2, 12])
d([a1r + ca1 + daz, x12]) + 6([b12, T12])
= O([a11, z12]) + 0([b12, 212]) + O([co1, 212]) + 3([d22, 12]).
This leads to
[0(a11 + bi2 + c21 + daz) — 6(a11) — d(b12) — 0(ca1) — 6(da2), z12] = 0.
Thus, it follows from Lemma 1.6 (6) that §(a11 +b12 +c21 +daz) —d(a11) — I(b12) —
d(co1) — 0(daz) € Z(R). The proof is complete. O

Theorem 2.9. Let R be a prime ring containing a nontrivial idempotent. Suppose
that mapping 0 : R — R satisfies

5(la, b)) = [6(a), b] + [a, 5(b)]

for all a,b € R. Then there exists a zq, (depending on a andb) in Z(R), the center
of R, such that
d(a+0b)=6d(a)+ 0(b) + zap-
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Proof. For any a,b € R, we write a = a11+a12+a21+a22 and b = by1+b12+boq1 +bas.
By Lemma 2.8, there exists z; € Z(R) such that
d([(a11 + b11) + (@12 + b12) + (a21 + ba1) + (a2 + ba22)])
= d(a11 + b11) + d(a12 + bi2) + 0(az1 + ba1) + d(aaz + baz) + 21.
It follows from Lemma 2.4 that there exist 25, 23 € Z(R) such that

5(&11 + bll) = 5((111) + 5(b11) + z9,
5(@22 + 522) = (5(0,22) + 5(()22) + z3.
We also have, by Lemma 2.8,
6((1) = (5(&11 + a2 + a1 + a22) = (5(@11) + 5(@12) + (5(&21) =+ (5((122) + 24,
§(b) = 5(b11 + b1s + bo1 + bgz) = (5(1)11) + (5(1)12) + (5(1)21) + (5(1)22) + 25,

for some z4,25 € Z(R).
Now, we obtain

d(a+0b)

= O([(a11 +b11) + (@12 + bi2) + (@21 + ba1) + (az2 + b22)])
= 0(ai1 + b11) + 0(a12 + b12) + 6(az1 + ba1) + 6(aze + baz) + 21
= 0(a11) +(b11) + 22 + d(a12) + 0(b12) + d(a21) + 6(ba1) + 6(age) + d(ba2) + 23 + 21
= d(a)—z4+20+0(b)— 25+ 23+ 2

= 0(a)+6(b) + (21 + 22 + 23 — 24 — 25).
We write 2,5 = 21 + 22 + 23 — 24 — 25 in the above equality, then we arrive at

d(a+0b)=06(a)+0(b) + zap,

as desired. [l

We now begin to characterize Lie derivable mappings on prime rings as a sum
of a derivation and a central mapping vanishing at commutators. We also want to
mention that in the rest of this paper we shall follow the line of [9]. Some proofs

are just modification of their counterparts in [9]. For the sake of completeness, we
give the proofs here.

Lemma 2.10. §(e1) = [e1, s] + z, for some s € R and z € Z(R).

Proof. For any x15 € Ry2, we have

(5(%‘12) = 5([61,.%‘12]) = (5(61)]}12 — 3312(5(61) + 61(5(3312) — (5(3312)61.
Multiplying this equation by e; from the left and by es from the right, we obtain

615(61)1’12 - ZL‘125(€1)62 =0.
Equivalently, ejd(e1)ejzes — ejxead(er)es = 0. It follows from Lemma 1.6 (3) that
e1d(er)er + exd(er)es = z € Z(R). Hence, d(e1) = (e10(e1)ea + exd(er)er) + z.
Letting s = e1d(e1)ea — ead(eq)er, we get d(ey) = [e1, s] + 2.
(]

Let ads : R — R denote the inner derivation induced by s, that is, ads(xz) =
xs — sz for all x € R. We also let A = § — ads. Then one can easily verify the
following lemma.
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Lemma 2.11. (1) A is a Lie derivable mappings, i. e.,
A([a,b]) = [A(a),b] + [a, A(b)] for all a,b € R.

(2) A(a+0b) = A(a) + A(D) + 24 for some zq4p € Z(R).

(3) A is additive on R;j for i # j.

(4) Aler) € Z(R).

Moreover, we also have
Lemma 2.12. A(R;;) C R;j fori# j.
Proof. We only show that A(Rg1) C Rgi. Let xo; € Roy and write A(xgy) =
Z?,j:l ugj, ui; € Rij. Then

2
Z uij = Aza1) = A([w21, e1])

ij—=1
[A(x21),e1] + [z21, Aler)]
= [A(z21),€1] = —u12 + uz;.

This implies that w11 = u12 = uz2 = 0, and so A(x21) € Rar. =

Lemma 2.13. A(R;) C Ty + C.
Proof. Let ay1 € R11 and A(ayr) = 22

i,j=
0= A(ler, an1]) = [Aler), an1] + [e1, Aa1)] = [e1, A(a11)] = w12 — uar.
This yields that u19 = u91 = 0 and A(all) € Ri1+Rao. Similarly, for any bog € Roo,
A(b22) € Ri1 + Roa.
Suppose that A(an) = U171 + U2 and A(bgg) = V11 + V292. Then

0= A([an,bm]) = [A(an),bm] + [a11,A(b22)] = [U22,b22] + [anﬂ)n],

which implies that [UQQ, b22] = [au, Ull] =0.

Since [ugz2,b22] = 0 for all bay € Raa, we have ugaxes = eaxugg for any z € R.
Note that both Usy and es are elements of @Q,,,(R). By Lemma 1.5, ugy = eac for
some ¢ € C. Thus

1 Uij, Ui € Rl] Then

Aa1) = w11 +uge =unn +esc=unn + (L —er)e= (w1 —erc) +c€ T +C.
One can get A(Ra2) C Tos + C in the same fashion. ]

Now we can conclude that for each ¢ = 1,2, there exists a mapping f; : R;; = C
such that
A(ai;) — fi(ai) € Ri.
Note that f; is well defined. Indeed, suppose that f;(a;) = ¢1 € C and f;(a;;) =
co € C. Then we have A(a;;) —c¢1 € Ry and A(ay;) — co € Ry;. It follows that
Cy —C1 = (A(a“) — Cl) — (A(a“) — CQ) € T’“ NnNC = {O} So C1 = Ca.
Let’s define a mapping D : R — T by
2 2
D(a) =D()_ ay) =Y Alaij) — filan) — fa(az)
ij=1 ij=1
for all a € R. A mapping 7 : R — C' is then defined by
7(a) = A(a) — D(a) for all a € R.

We can verify that D has the following properties.
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Lemma 2.14. (1) D(R;;) C Rij (i # j)-
(2) D(Ri;) C Ty (i =1,2).
(3) D(aij) (az]) (7/ 7&;7)
(4) D(3_aiz) = 32 D(ai;).
(5) D is additive on R;; (i # j).

Lemma 2.15. Leta,b € R and zq, € Z(R) such that A(a+b) = A(a)+A(b)+2q.p-
Then

(1) T(a+b) =71(a) + 7(b) + za,p-

(2) D(a+b) = D(a) + D(b).
Proof. (1) It suffices to show that for any a;;, bi; € Ry, i = 1,2, there is a 24, p,, €
R;; such that T(aii =+ bii) = T(aii) + T(bii) + Zagi by -

Note that A also satisfies Lemma 2.4. That is, for a;,b; € R;;, there is a
Zag,.bs € Rii such that A(ai; + i) = Aai) + A(bis) + 24,6, - Now, we have

T(aii + bu) - T(aii) - T(bii) ~ Ragibi
= A(ai +bii) — D(aii + bii) — A(aii) + D(aii) — Abii) + D(bii) — Zays b

(2) It follows directly from (1). O

In what follows, we shall assume that R is 2-torsion free additionally.
Lemma 2.16. D(a;jza;;) = D(aij)xa:; + ai; D(x)as; + ai;2D(a;;) holds true for
all ajj € Rij(1 # j) and x € R.
Proof. Observe that 2a,;xa;; = [[ai;, ], a;;]. Then

2D(aswai;) = D(2aixai;) = A2aixai;) = Allai;, 2], ai])
[[A(aij), x], as;] + [[aij, A@)], aiz] + [[ai;, 2], Alai;)]
[[D(aij), #], aij] + [[aij, D(x) + 7(2)], ai;] + [[as;, 2], D(as;)]
[[D(as;), 2], aij] + [laij, D(2)], ai;] + [[aij, =], D(ai;)]

= 2[D(a1-j):mij + al-jD(:r)aij + aijxD(al-j)].

It follows that D(ai;xa;j) = D(aij)ra;; + a;jD(x)ai; + aijjzD(a;;) since R is 2-
torsion free. ([

Lemma 2.17. For any a; € R;; and bj, € R, (j # k),
(1) D(aiibjx) = D(ai;)bjr + aiiD(bjx).
(2) D(bjraii) = D(bjk)ai; + bjrD(ai;).
Proof. (1) If i = j, let a;; € R;; and by, € Ry, (i # k). We have
D(aiibik) = A(aiibik) = A[am bik]
= [A(ai), bir] + [aii, Abix)]
= [D(ai;) + 7(aii), bir] + [aii, D(bix)]
= [D(aii), bi] + [aii, D(bir)]
= D(ayu)bir + aiD(biy).
If i # j, let a;; € R;; and bj; € Rj;. We have
D(aiibj;) = 0= D(ai)bji + ai; D(bjq)-

In the similar fashion one can get (2). O
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Lemma 2.18. For any a;; € R;; and bjj S Rjj, D(aiibjj) = D((lii)bjj +a1;z'D(bjj).
Proof. It i = j, let ay, by € Ry, and xy € Ry (1 # k). Then, using Lemma 2.17

three times, we have
D(aiibii)rie = D(aibiirin) — aibiD(wir)
= D(aii)biizir + ais D(biixir) — aiibi; D(xik)
= D(an‘)biﬂik + aiiD(bii)xik: + aiz‘biiD(fEik) - aiibz‘iD(CUik)
= [D(ai;)bi; + aiiD(bii)] k-
This leads to [D(aiibi;) — D(ai;)bii — aiD(bi;)]aie = 0 for all z;, € R;. Applying
Lemma 1.7, we have D(a;;b:;) = D(ai;)bi; + ai; D(by;).
If ¢ # j, let a;; € Ry and bj; € Rj;. Then

D(aiibj;) = 0 = D(ai;)bj; + aisD(bjj).

Lemma 2.19. D is an ordinary derivation of R into T

Proof. In view of Lemmas 2.17 and 2.18, we only need to show that D(a;;bg) =
D(aij)bkl + aijD(bkl) for any aij € Rij and by € Ry (Z 7'é Jk ;ﬁ l).

We assume first that j = k, then [ = 4. Let a;; € R;; and bj; € Rj; be arbitrary.
We have

7([aij, bji])

[
= A(laij, bji]) — D([aij, bji])

= [A(aij), bji] + [aijs A(bji)] — D(aijbji — bjiaij)
= [D(aij),bji] + [aij, D(bji)] — D(aijbji) + D(bjiaij)
= D(a”)b ijD(a”) + (IUD(bji) — D(bji)aij — D(aijbji) + D(bjiaij),

which implies that
[D(ai;)bji + aij D(bji) — D(ai;bji)] + [D(bjiaij) — D(bji)aij — bjiD(ai;)] = c € C.
If ¢ = 0, then [D(aij)bji + aijD(bji) — D(aijbji)] = —[D(bjiaij) — D(bji)aij —

bj;D(ai;)] € T;; NTj; and hence is equal to 0. If ¢ # 0, multiplying the above
equation on the left by a;;, we obtain

aizD(bjiai;) — aijD(bji)ai; — aijbjiD(aij) = aije.
It follows from Lemma 2.17 that
D(aijbjiaij) — D(aij)bjiai; — aijD(bji)ai; — aijbjiD(aij) = asje.

Applying Lemma 2.16, we see that a;jc = 0. Since C is a field, it follows that
a;; = 0, a contradiction.
We now assume that j # k. Then we must have k =7 and [ = j. Let a;;,b;; €
Rij. Then
D(aijbij) =0= D(aij)bij + GUD(b”)

Lemma 2.20. 7([a,b]) =0 for any a,b € R.
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Proof. Note that 7(xz;;) = 0 for all z;; € R;; (i # 7). Thus, by the proof of Lemma
2.19, it suffices to show that
7([aii, bii]) =0
for all a;;, b € Ry, © = 1,2. In fact,
7([ais, bii])

= A(lasi, bis]) — D([aii; bis])

= [A(ai), bi] + [aii, A(bii)] — D(aiibi; — biai;)
= [D(aii) + 7(aii), bii] + [aii, D(bii) + 7(bii)] — D(aiibii) + D(biiaii)
= [D(aii), bis] + [aii, D(bis)] — D(aii)bsi — aii D(bii) + D(bis)asi + b D(ai;)
= 0.

[l

Let d = D+ads. Then we can get the following characterization on Lie derivable
mappings on prime rings.

Theorem 2.21. Let R be a 2-torsion free prime ring containing a nontrivial idem-
potent. Suppose that mapping § : R — R (no additivity is assumed) satisfies

5(["» b]) = [5(@), b] + [a,é(b)]

for all a,b € R. Then 6 is of the form d + 7, where d is a derivation of R into
its central closure T and T is a mapping of R into its extended centroid C with the
following properties:
(1) There exists a zqp (depending on a and b) in Z(R), the center of R, such
that
T(a+b) =71(a) + 7(b) + zap-
(2) 7(la,b]) =0 for all a,b € R.

In particular, we have the following characterization of Lie derivations on prime
rings.

Corollary 2.22. Let R be a 2-torsion free prime ring containing a nontrivial idem-
potent and 6 : R — R be a Lie derivation. Then d is of the form D + 1, where D is
a derivation of R into its central closure T and T is an additive mapping of R into
its extended centroid C such that T[a,b] =0 for all a,b € R.
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