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TWO-PARAMETER QUANTUM GROUPS AND
RINGEL-HALL ALGEBRAS OF A,.—TYPE

XIN TANG

ABSTRACT. In this paper, we study the two-parameter quantum
group U, 4(sl) associated to the Lie algebra sl of infinite rank.
We shall prove that the two-parameter quantum group U, s(sls)
admits both a Hopf algebra structure and a triangular decompo-
sition. In particular, it can be realized as the Drinfeld double of
it’s certain Hopf subalgebras. We will also study a two-parameter
twisted Ringel-Hall algebra H, ;(A) associated to the category
of all finite dimensional representations of the infinite linear quiver
A.. In particular, we will establish an iterated skew polynomial
presentation of H,. (A ) and prove that H, s(A) is a direct limit
of the directed system of the two-parameter Ringel-Hall algebras
H, s(A,) associated to the finite linear quiver A,. As a result, we
construct a PBW basis for H, (A ) and prove that all prime ideals
of H, s(Ax) are completely prime. Furthermore, we will establish
an algebra isomorphism from U, (slo) to H; s(As), which enable
us to obtain the corresponding results for U (slo). Finally, via
the theory of generic extensions in the category of finite dimen-
sional representations of A, we shall construct several monomial
bases and a bar-invariant basis for U (slo).

INTRODUCTION

As generalizations or variations of the notation of quantum groups
[13], several multi-parameter quantum groups have appeared in the lit-
eratures [1I, 8, 111 12} 16}, 18, 25, 31], 32]. Let g be a finite dimensional
complex simple Lie algebra. Let us choose r,s € C* in such a way
that r, s are transcendental over Q. The study of the two-parameter
quantum group U, (g) has been revitalized in [3, 4, 5, [6, [7] and the
references therein. Note that the one-parameter quantum groups asso-
ciated to Lie algebras gly, sl of infinite ranks [I7] have been studied
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2 X. TANG

in the literatures [10], [19] 22] 23]. Similar to the case of one-parameter
quantum groups, one might be interested in the constructions of the
corresponding two-parameter quantum groups.

It is the purpose of this paper to study the two-parameter quantum
group U, (sl ), where the Lie algebra sl consists of all infinite trace-
zero square matrices with only finitely many non-zero entries. We
shall first define such a two-parameter quantum group and then study
some of its basic properties. As a matter of fact, we will formulate
the two-parameter quantum group U, (sls) as a limit version of the
two-parameter quantum groups U, s(sl,+1),n > 1 as studied in [5]. As
usual, we will prove that the algebra U, (sl.) admits a Hopf algebra
structure and it is the Drinfeld double of its certain Hopf subalgebras.

To further investigate the structure of the two-parameter quantum
group U, (sls), we shall study its subalgebra Uf (sl.) employing the
approach of Ringel-Hall algebras. Note that the Ringel-Hall algebra
approach has found many important applications in the study of one-
parameter quantum groups [15} 20] 211, 24) 26|, 27, 28, 29|, 30, 34] and the
references therein. To this end, we shall first define a two-parameter
twisted Ringel-Hall algebra H, ;(A.) associated to the category of all
finite dimensional representations of the infinite linear quiver A,,. Then
we shall prove that the algebra H, ;(As) can be presented as an iterated
skew polynomial ring, and thus construct a PBW basis for H, ;(A).
Furthermore, we shall prove that H, ;(Aw) is a direct limit of the two-
parameter twisted Ringel-Hall algebras H, s(A,),n > 1 associated to
the finite linear quivers A,,n > 1 (See [24, 33]). As an application, we
prove that all prime ideals of H, ;(A.) are indeed completely prime.

To transfer the information to the algebra Uf(sl.), we will estab-
lish an algebra isomorphism from UTJ; (sl) onto H, s(As). On the one
hand, such an algebra isomorphism provides a generator-relation pre-
sentation of the two-parameter Ringel-Hall algebra H, ;(As), which
has been defined over a prescribed basis. On the other hand, via
this isomorphism, we can prove that the algebra U, (sl.) can be pre-
sented as an iterated skew polynomial ring and it is a direct limit of
Ut (slnr1),m > 1. As a result, we are able to construct a PBW basis
for U (sls) and prove that all prime ideals of U, (sl ) are completely
prime.

To study the Borel subalgebras UZ)(slo) (resp. UjsY(sls)) of the
two-parameter quantum group U, s(sl ), we will define a Hopf algebra
structure on the extended two-parameter twisted Ringel-Hall algebra
H, ;(Aw) and establish an Hopf algebra isomorphism from the two-

parameter quantized Hopf algebra U7 (sls) onto H, (As). We will
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follow the lines in [15, 34]. This result shall provide a realization of
the whole two-parameter quantum group U, (sls) via the double of
two-parameter extended Ringel-Hall algebras.

Note that there exists a Q—algebra automorphism (which will be
called the bar-automorphism) on the algebra U, (sl), which exchanges
r*1 and s*! and fixes the generators e;. Using the theory of generic ex-
tensions in the category of finite dimensional representations of A, we
will construct several monomial bases for the two-parameter quantum
groups following the idea used in [9, 24]. As an application, we will
also construct a bar-invariant basis for the algebra U[ (sly) following
[24].

The paper is organized as follows. In Section 1, we give the definition
of U,,(slsx) and study some of it’s basic properties. In Section 2,
we define and study two-parameter Ringel-Hall algebra H, ;(A) and
establish the algebra isomorphism from Uf (sl.) onto H,  (As). In
Section 3, we define and study the extended two-parameter Ringel-

Hall algebra H, (A ) and establish the Hopf algebra isomorphism from
U7 (g) onto H, ;(As). In Section 4, we use generic extension theory to
construct some monomial bases and a bar-invariant basis for U, (sl).

1. DEFINITION AND BASIC PROPERTIES OF THE TWO-PARAMETER
QUANTUM GROUPS U, 4(5l)

First of all, let us fix some notation. Let r, s be two-parameters
chosen from C*, such that r, s are transcendental over the field Q and
r™s" = 1 implies m = n = 0. Let us set Z = Z[r*!, s*!] and A =
Qlr, 8|(r—1,s—1), which is the localization of Q[r, s| at the maximal ideal
(r—1,s—1).

Let sl denote the infinite dimensional complex Lie algebra which
consists of all trace-zero square matrices (a;;); jen With only finitely
many non-zero entries. The one-parameter quantum groups U, (sl)
associated to sl were studied by various people in the references [10),
19, 22, 23]. Following a similar idea in [5], 32], we will introduce a
class of two-parameter quantum groups U, (sl ) associated to the Lie
algebra sl..

It is well known that one can also define roots for the Lie algebra
sly as in the finite dimensional case of g = sl,,1. In particular, all
the simple roots of sl can be denoted as «;,7 € I = N. Accordingly,
all the positive roots of sl are exactly given as a;j: = > 5_, oy for
i<jeN.
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Let C' = (¢ij)ijen denote the infinite Cartan matrix corresponding
to the Lie algebra sl,,. Then, we have the following

CM':Q, Cij = —1fOI'|Z—j| = 1, Cij :OfOI"Z—j’ > 1.

Let Q(r, s) denote the function field in two variables r, s over the field
Q of all rational numbers. As mentioned early, we may also choose
r, s to be complex numbers which are transcendental over Q such that
r? # s2. In the future, more restrictions may be put on the parameters
if needed. Let Q denote the root lattice generated by «a;,7 € N. Then

we can define a bilinear form (—, —) on the root lattice Q@ = Z®N as
follows
Qij, if1 < 7
(i,7): =(vu,aj) =< 1, ifi=y,
0, ife>j.

The above defined bilinear form is a generalization of the Ringel-
Euler form in the finite case of g = sl,, 1. In terms of the above defined
bilinear form (—, —), one can give the following definition of the two-
parameter quantum groups U, (sl ) associated to the Lie algebra si..

Definition 1.1. The two-parameter quantum group U, s(sl) is de-
fined to be the Q(r,s)—algebra generated by e;, fi, w ', w/*',i € N
subject to the following relations

+1, +1 _  +£1,  +1 /41 41 1 1
W Wy =W Wy, Wy Wy = Wi wy
+1, /+£1 £1, +1 + 1£1, 1F1

_ 1, F1 _ 1 _
wiwiT = ws Wy, Wy w; =l=w"w;"",

=) (i 1e o (6d) o— (3% /
wif;=r bt >fjei> wifj—r< Js~ >fjw¢,

w; — W,

eifj B fjei - 5i’j ri— S
e;e; —eje; = fif; — fifi = 0for|i — j| > 1,

2 2
€, Cit+1 — (7" + S)€i€i+1€¢ + rse;y1€e;, = O,

eie?ﬂ — (r + 5)eiy1€i€ip1 + rse?+1€i =0,
fifion— (7 s D fifiafi+ (rs) i f7 =0,
fifi — 7+ s f fifisa + (rs) A fi = 0.

First of all, we have the following obvious proposition concerning a
Hopf algebra structure of the algebra U, 4(sl).
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Proposition 1.1. The algebra U, s(g) is a Hopf algebra with the co-
multiplication, counit and antipode defined as follows
A(w) =wH @w™, Aw) =™ @ w™
Ale) =ei@1+w®@e;, A(fi) =1 fi+ fi @ wj,
e(w) =e(wi™) =1, e(e;) =e(fi) =0,
S(wi) = wf', S(w) = w’Il
S(e) = —w; e, S(fi) = — fiw]

Proof: The proof is reduced to the finite case where g = sl,, 11,
whose proof can be found in [5]. And we will not repeat the details
here. O

Let U/ (sls) (resp. U7, (sls)) denote the subalgebra of U, s(sls)
generated by e;,i € N (resp. by fi,i € N). Let Ugs(sloo) denote the

subalgebra of U, ,(sls) generated by w', w/*' i € N. Then we shall
have the following triangular decomposition of U, (sl).

Proposition 1.2. The algebra U, s(sl) has a triangular decomposition
Ups(8lo) =2 U, (slo) @ Uy (8loo) @ Uy, (8l

Proof: Once again, we can repeat the proof used in the case of
Uy s(sly41). We refer the reader to [5] for more details. O

Let us denote by Z®N the free abelian group of rank |N| with a
basis denoted by 21, 22, , zn,---. Given any element a € Z®N, say
a = ) a;z;, we set [a| = Y a;. Note that algebra U7 (sls) (resp.
UL(sls)) is a 7N —graded algebra by assigning to the generator e;
(resp. fi) the degree z;. Given a € Z®N, we denote by Uﬁfs(sloo)a the
set of homogeneous elements of degree a in U, (sls).

Proposition 1.3. We have the followz'ng decomposition

U, (sl @U* (slo)a:  Uri(sle) = EP U,

]
Let us define U, ,-1(slw) to be the specialization of U, 4(sly) for
r = v = s '. Then we shall have the following similar result as [5],

whose proof is exactly the same as the one in [5].

Proposition 1.4. Assume there exists an isomorphism of Hopf alge-
bras
¢: Ups(slos) — Upy-1(slso)

for some v. Thenr =v and s = v 1.
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1.1. A Drinfeld double realization of U, s(sl.). In this subsection,
we show that the two-parameter quantum group U, 4(slw) can be real-
ized as the Drinfeld double of its certain Hopf subalgebras. To proceed,
we need to recall a couple of standard definitions for the Hopf pairing
and the Drinfeld double of Hopf algebras. For more details about these
concepts, we refer the reader to the references [5], [12].

Definition 1.2. A Hopf pairing of two Hopf algebras H' and H is a
bilinear form (,): H' x H — K such that
(1) (1,h) = en(h),

(2) (W', 1) = em (),
(3) (W, hk) = (A (R'), h @ k) = 3 _(hiy), ) (hg), k),

(4) (WK, h) = (K @K', A(h)) = 22(N', hy) (K, hzy),
for all h,k € H',W', k' € H', where €y, ez» denote the counits of H, H'
respectively, and Ay, Ay denote their comultiplications.

It is obvious that

(Su(h'),h) = (W, Su(h))
for all h € H and h' € H', where Sy and Sy denote the respective
antipodes of H and H'.

Let U7 (slo) (resp. U (sls)) be the Hopf subalgebra of U, s(sls)
generated by e;, w;™ (resp. fi,w™"). Assume that B = UZ2(sl.) and
(B')? is the Hopf algebra generated by f;, (w})*! with the opposite
coproduct to U=%(sl,,). Using the same proof in the case of sl, 1 [5],
we shall have the following result

Lemma 1.1. There exists a unique Hopf pairing B and B’ such that
0;
(fiv 6j) = .

S—7T
<ej,e;j> —<ej,e;>

S )

(wj, wy) =r

and the pairing takes the zero value on all other pairs of generators.
Moreover, we have (S(a), S(b)) = (a,b) fora € B',b € B.

O
Therefore, we have the following similar result as in [5].

Theorem 1.1. U, s(sly) can be realized as a Drinfeld double of Hopf
subalgebras B = UZ2(sly) and (B')*? = U= (sls), that is,

UT‘,S(E[OO) = D(‘B? (B/>Coop)'
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Proof: First of all, let us define a linear map: ¢: D(B, (B')*?) —
U, s(sls) as follows

o) =wit,  B((@)*) = (W)™

(&) =ei,  ¢ilfi) = fi-
We need to show that this mapping is a Hopf algebra automorphism.
Obviously, we can still employ the proof used in [5] for the finite case
g = sl, 11 and we will not repeat the detail here. O

1.2. An integral form of the two-parameter quantum group
Uy s(sls). In addition, we also consider an integral form of the two-
parameter quantum group U, (sl ) and its subalgebras following [20].
Recall that we have set Z = Z[r*!, s*!]. For any [ > 1, let us set the
following

= —— ['=12- 1

r—s

El) = %, f-(l) = % We define a Z—subalgebra U, (sl) z

of U, s(sls) which is generated by the elements egl), fi(l),wfl, wi for
i € I. Similarly, we can define the integral form of Uf (sl) and

U/ L(sls). It is easy to see that we have the following
Ur,s<5loo) = Ur,s(sloo>2 ®Z Q(n 5)

Let us define e

and
U:s(sloo) = Ufs(sl()o)Z Rz @(7”, S)'
In particular, Uy s(slo) (resp. U (sls)) is a free Z—algebra.

2. TWO-PARAMETER RINGEL-HALL ALGEBRAS H, ((Aw)

To better understand the structure of the two-parameter quantum
group U, (sl ), it is helpful to study its subalgebras U, (sl.) and
(Hopf) subalgebra U7)(sl.). To this end, we shall study these alge-
bras in terms of two-parameter Ringel-Hall algebras associated to the
infinite linear quiver. In this section, we will define and study a two-
parameter Ringel-Hall algebra H, (A) associated to the category of
finite dimensional representations of the infinite quiver

1 2 3 n—1 n
A: 6—30—0 -+ 0 —S0—3 -+
For n > 1, let A,, denote the finite quiver
Ay o—se—e--- "o e
with n vertices. Let us fix & to be a finite field and let A,, denote the
path algebra of the finite linear quiver A, over k. Then A, is a finite
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dimensional hereditary algebra of finite-representation type. Note that
the category of finite dimensional representations of the quiver A, is
equivalent to the category of finite dimensional A,—modules. We will
denote this category by A,—mod. Let us set ¢ = |k| the cardinality
of k, and choose v to be a number such that v?> = q. We know that
A, is finitary in the sense that the cardinality of the extension group
Ext'(S,S") is finite for any two simple A,,—modules S, 5"

Let us denote by A, —mod, the category of all finite dimensional
representations of the quiver A.,. Note that the category A,.-mod has
been investigated by Hou and Ye in [14], where they have explicitly
described all finite dimensional indecomposable representations of A,
and studied the one-parameter non-twisted generic Ringel-Hall algebra
H,(Aw). Let S; be the simple representation associated to the vertex i
of the quiver A, and let M;; denote the indecomposable representation
of A with a top S; and length j — ¢+ 1. It is easy to see that there
is a one-one to correspondence between the set of isoclasses of finite
dimensional indecomposable representations M;; of the quiver A, and
the set of positive roots «;; for the Lie algebra sl.

Concerning the relationship between the categories A,—mod and
Ao—mod, we now recall the following result from [14].

Theorem 2.1. (Theorem 1.1 in [I4]) The category A, —mod can be
regarded as a fully faithful and extension closed subcategory of Aoo—mod
and A,,—mod for m > n.

O
Based on the above theorem, we know that the extension group
between any two finite dimensional representations M, N of A, can be
calculated via regarding M, N as the representations of a certain finite
quiver A,,. Therefore, the number of extensions between M, N is still
depicted by the evaluation of the Hall polynomial at ¢, the cardinality
of the base field. Recall that the two-parameter Ringel-Hall algebra
H, s(A,),n > 1 associated to the category A,—mod has been studied
in [24, 33]. In particular, one knows that H, ;(A,) can be presented as
an iterated skew polynomial ring and its prime ideals are completely
prime. A PBW basis has also been constructed for H, ;(A4,) in [33]
as well. In rest of this section, we are going to use a two-parameter
twisted version of the Ringel-Hall algebra H,(A) to study the algebra
Ut (sls). Note that this approach is plausible because of the existence
of Hall polynomials in the category A, —mod. Indeed, we will be
looking at a limit version H,  (A) of the two-parameter Ringel-Hall
algebras H, ;(A,),n > 1.
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2.1. Two-parameter Ringel-Hall algebra H, ;(A.). We will de-
note by P the set of isomorphism classes of finite dimensional repre-
sentations of the infinite quiver A.,. Let us define the subset

Pr=P-0

where 0 denotes the subset of P consisting of the only isomorphism class
of the zero representation. For any o € P, we choose a representation
u,, corresponding to a. We denote by a,, the order of the automorphism
group Aut(u,). It is easy to see that the number a, is independent of
the choices of the representatives u, for any a € P.

For any given three representatives u,, ug, u., of the elements o, 8,7 €
P respectively, we denote by ggﬂ the number of submodules N of u,
satisfying the conditions: N = ug and u,/N = u,.

Note that it does not make sense to define Ext!(M, N) for any two
given representations M, N of the infinite quiver A,,. Let us denote by
EAOO(M ,N) the set of all short exact sequences 0 — N — E —
M — 0. We say two such short exact sequences 0 — N — F; —
M — 0and 0 — N — Ey, — M — 0 are equivalent if there
exists a homomorphism ¢: Fy — FE5 making the diagram commute.
We denote by E4_(M, N) the set of all equivalence classes of E4__ with
respect to this equivalence relation. For any given M, N € A, — mod,
according to Theorem 1.2 in [14], we can choose some m > 1 such that
there exists a bijection between E4 (M, N) and Ext} _ (M,N). If
no confusion arises, we will still write E4__ (M, N) as Ext*(M, N).

For any given M, N € A,, — mod, we define the following notation

(M, N) = dimyHom(M, N) — dimyExt' (M, N).

Once the representations M, N are chosen, we can always restrict to a
subcategory A,,—mod. Since the algebra A,, is hereditary for any n € N,
it is easy to see that for any representations M, N € A, — mod, the
value of (M, N) solely depends on the dimension vectors dimM, dimN
of the A,,—modules M and N.

Now for any given elements «, 5 € P, we can define the following
notation

<O{, 6> = <uc¥7 u,@>
where u,, ug are any chosen representatives of a, 3 respectively. It is
easy to see that (—, —) is a bilinear form.

It is well known that in the category A, —mod, there exists a sym-
metry between the objects of A,—mod. This symmetry is described by
Green’s formula [15]. In fact, one can also prove that Green’s formula
holds for the objects in the category A,,—mod. Namely, we have the
following result.
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Theorem 2.2. Let o, 3,0/, 5" € P, then we have
Z A oA -1 Z |Ext! (up,ur)| o o B f
AaAplo G ga,ﬁga’ﬁ/a,\ - |Hom(uz,u7—)| gpogpa/ga/‘rgcrr
\EP p,0,0' TEP
ApQo Qg .

Proof: Since all representations involved in the formula are finite
dimensional representations of A.,, we can choose some positive integer
m such that «, 8,d/, " and A\ can actually be regarded as objects in
the subcategory A,,—mod instead. Note that Green’s formula holds
within the subcategory A,,—mod. Since the category A,,—mod is a
fully faithful and extension closed subcategory of A,,—mod, we know
that Green’s formula holds in A, —mod. O

Let H, s(A,) denote the two-parameter Ringel-Hall algebra associ-
ated to the category A,—mod as defined in [24]. In [24], Reineke has
proved that the two-parameter Ringel-Hall algebra H, ;(A,) is isomor-
phic to the algebra Uf (sln +1). In the rest of this section, we will
show that a limit version of this statement is still true.

Note that there exist Hall polynomials Fyj; y(x) for M, N,L € A, —
mod such that gy, v = Fi7 y(¢), where g is the cardinality of the base
field k. For the existence and calculation of Hall polynomials in A, —
mod, we refer the reader to the references [27, 28]. Since each A,,—mod
is a fully faithful and extension closed subcategory of A, —mod, the
Hall polynomials exists for objects in A,,—mod, which leads to the
definition of two-parameter Ringel-Hall algebra H, (A ) below.

Now let us define H, s(Aw) to be the free Q(r, s)—module generated
by the set {u, | @« € P}. Moreover, we define a multiplication on the
free Q(r, s)—module H, s(As) as follows

Ul = Zs (a.8) Ffﬁuﬁ “Duy, for anya, B € P.
AEP
It is easy to see that we have the following result.

Theorem 2.3. The free Q(r,s)—module H,s(A) is an associative
Q(r, s)—algebra under the above defined multiplication. In particular,
the algebra H, ;(Ay) can be regarded as a subalgebra of H,  (Ax) and
H, s(Ay,) for m > n. In particular, we have

H,o(As) = lim H,,(A,).

Proof: It is straightforward to verify that H, s(A) is an associa-
tive algebra under the above defined multiplication. Once again, we
can reduce the proof to the finite case thanks to Theorem 1.1 in
[14]. Since each A,,—mod can be regarded as a fully faithful and ex-
tension closed subcategory of A,,—mod and A,,—mod when m > n,
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the algebra H,  (A,) can be regarded as a subgroup of the algebras
H, (As) and H, s(A,,). Furthermore, one notices that the multiplica-
tion of H, s(A,) is the restriction of the multiplications of H, s(A) and
H, s(A,,). Therefore, the algebra H, ;(A,) can be regarded as a subal-
gebra of H, (Ax) and H, s(A,,) for m > n as desired. Furthermore,
each element of H, ;(A) can be regarded as an element of a certain
subalgebra H, (Ay,). Thus we shall have H, s(As) = limyo0 Hy 5(Ay)

as desired. O

2.2. Basic properties of H, ;(A). Since the category A, —mod can
be regarded the direct limit of its fully faithful and extension closed
subcategories A,,—mod with n > 1, any two objects M, N € A, —mod
can be regarded as objects in a certain subcategory A,,—mod. Thus
the extension between any such two objects can be handled in this
subcategory A,—mod as well. As a result, it is no surprise that the
algebra H, ;(As) shares many similar ring-theoretic properties with its
subalgebras H, ;(A,). In this subsection, we will establish some similar
results for H, ;(A) without giving detailed proofs. The reader shall
be reminded that all the proofs can be reconstructed the same way as
in the case of a certain subalgebra H, ;(A,,). And we refer the curious
reader to [33] for the details.

First of all, let us fix more notations. For any given o € P, we will
choose an element u, € H,s(A). We denote by €(a) the k—dimension
of the endomorphism ring of the representative u,, associated to a. For
any given finite dimensional representation M of the infinite quiver A,
we will denote the isomorphism class of M by [M] and the dimension
vector of M by dimM , which is an element of the Grothendieck group
Ky(Ay) of the category A, —mod.

Recall that there is a one-to-one correspondence between the set of
all positive roots for the Lie algebra sl,, and the set of isoclasses of
finite dimensional indecomposable representations of A,,. Let a € 7
be any positive root, we shall denote by M(a) the indecomposable
representation corresponding to a. For any given map a: &7 — Nj
with finite support, let us set the following

Then it is easy to see there is a one-to-one correspondence between the
set P of isomorphism classes of all finite dimensional representations
of the infinite quiver A, and the set of all maps a: ®+ — Ny with
finite supports. From now on, we will not distinguish an element o € P
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from the corresponding map associated to «, and we may denote both
of them by « if no confusion arises.

For any given o € P, let us set dima = ) 4+ @(a)a. Then we
shall have following

dimM («) = dimav.

For any given a € P, we will denote by dim(a) = dim(u,) the
dimension of the representation u, as a k—vector space. Furthermore,
let us set

dim(ua)—e(a)

(Uug) = s Ug,.

For conveniences, we may sometimes simply denote the element u,,
by a for any @ € P, and denote Flﬁjuﬁ(rs_l) by 9&\,37 if no confusion
arises. In the rest of this subsection, we will carry out all the compu-
tations in terms of «. It is obvious that the set {{a) | « € P} is also
a Q(r, s)—basis for the algebra H, ;(A). Note that we have (a;) = o
for any given element a; € P corresponding to the simple root «;,7 > 1.
As a result, we can rewrite the multiplication of H, ;(A) in terms of

this new basis as follows

<Oé> <ﬁ> _ Sfe(a)fe(,@)f(dima,dimﬁ) Z SG(A)g35<>\>
AeP

for any «, 5 € P.
In addition, let us denote by

e(a, B) = dimpHoma —moa(M (), M(5))

and
((a, B) = dimpExty _,q(M(a), M(5)).

Recall that Hou and Ye have given an explicit total ordering on the
set of all isoclasses of finite dimensional indecomposable representations
of the infinite linear quiver A, and used it to construct a PBW base
for the generic one-parameter Ringel-Hall algebra H,(A.). Following
[14], we will order all the positive roots as follows:

A <ap<---<ap<ayg<---.

Obviously, we can see that Hom(M (a;;), M (ay;)) # 0 implies a;; > ay;,
where M(a;;), M(ay) are the indecomposable representations corre-
sponding to the positive roots a;;, ay respectively. For more details
about the ordering, we refer the reader to [14, 27]. We should mention
that we may write the positive roots as aj, as, as, - -- instead.

First of all, we have the following proposition.
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Proposition 2.1. Let ay,--- ,aq € P such that fori < j, we have both
e(aj, ;) =0 and ((v, ;) = 0. Then
t
<€B a;) = (ar) - ().
i=1
O

Theorem 2.4. Let o, f € P such that e(8,a) = 0,((a, B) = 0. Then
we have the following

(B)(a) = D= a) By + D ()
yEJ (o, 8)

with coefficients c, in Z[r*', s*'| and J(«, B) is the set of all elements
A € P which are different from o ® 3 and ggﬁ £ 0.

O
Proposition 2.2. For any given a € P, we have
(@) = {a(a)ar) - - ((am)am).
O
Now let us consider the divided powers of (a) by setting
1
(@) = —r—(a)’
[t]%(a)
rie(a) _gie(a)
where [t]! ) = [Tim) Sy

Then we have the following lemma.

Lemma 2.1. Let a be a positive root and t > 0 be an integer. Then
we have the following
(ta) — (a).

For each positive root a;, let us define the following symbol
Then we have the following proposition:

Proposition 2.3. Let « € P and regard o as a map o: &+ — Ny
with finite support. Let us set a(i) = a(a;), then we have the following

(o) = X xe) — (T 1

e )Xl ce Xm .
i=1 [a(l)]e(ai)
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Theorem 2.5. The monomials X -+ X2 with (1), -+, a(m) €
Ny form a Q(r, s)—basis of H, s(A\); and fori < j, we have
X;X; = r(@Xi,MXj>3—<di7ij7di7mXi>Xin
+ Y i, g )X X
1(2,9)
with coefficients c(a;t1,- -+ ,a;—1) in Q(r,s). Here the index set I(i, )

is the set of sequences (a;i1,---a;—1) of natural numbers such that
Jj—1 _
Dimiv1 Mg = & + aj.
O
Now we define some algebra automorphisms and skew derivations on

H, (Ay). For any d € Z™N, we define an algebra automorphism I; of
H, s(Aw) as follows

ld(w) — T,<dzmw,d>87<d,dzmw>w

where w is any homogeneous element of H, s(A).

Let H; denote the Q(r, s)—subalgebra of H, ;(As) generated by the
generators Xi,---,X;. Thus we have Hy = Q(r, s) and for any 0 <
Jj < m, we have following

Hj = H;1[Xj, 15, 05]
with the automorphism /; and the [;—derivation ,; of H;_;. Note that
the automorphism [; can be explicitly defined as follows

l](Xz) — 7“<di7mXi’di7ij>s_<di—ij7‘ﬁ7mXi>X

for i < j. And the skew derivation d; can be defined as follows:
5](Xz) = X]XZ — l](Xl)X] = Z C(Gi_;,_l, e ,CLj_l)Xﬁ_jil v X;-lljil.
1(i,5)
It is easy to check that we have the following result.

Proposition 2.4. The automorphism l; and the skew derivation 0,
satisfy the following relation

1;0; = r<aj7aj>8—<aj,aj>5jlj.
O

Theorem 2.6. The two-parameter Ringel-Hall algebra H, (As) can
be presented as an iterated skew polynomial ring.

O
Let R be a ring. Recall that a two-sided ideal P C R is said to be
prime if P # R and whenever the product AB of two two-sided ideals
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A, B of R is contained in P, then at least one of A and B is contained
in P. A two-sided ideal P C R is called completely prime if P # R
and whenever the product ab of two elements of R is contained in P,
then at least one of the elements a and b is contained in P. In the
case of commutative rings, prime ideals are exactly completely prime
ideals. In the case of noncommutative rings, a completely prime ideal
is a prime ideal; but a prime ideal may not necessarily be a completely
prime ideal. We refer the reader to [2] for more details. Concerning
prime ideals of the algebra H, (A ), we have the following result.

Corollary 2.1. Suppose the multiplicative group generated by r,s is
torsion-free, then any prime ideal of H, s(A) is completely prime.

Proof: Let P C H,,(Ax) be a prime ideal of H, (A). Since
H, (As) = lim, o0 H, s(Ay), we have that PN H, (A,) C H,s(A,)
is a prime ideal of H, (A,) for any n > 1. Let a,b € H, (Ay) such
that ab € P. Then we can choose m € N such that a,b,ab € H, ;(A,,).
By the result in [33], we know that all prime ideals of H, s(A;,), (m >
1) are completely prime. Therefore, we have that a € H,4(A,,) or
b€ H,s(An). Hence, the prime ideal P is a completely prime ideal of
H, s(Ax). O

2.3. An algebra isomorphism from Uf (sl.) onto H,,(Ay). In
this subsection, we are going to establish a graded algebra isomor-
phism from the two-parameter quantized enveloping algebra U, (sl)
onto the two-parameter Ringel-Hall algebra H, (A ). Via this isomor-
phism, all results established in the previous subsection on H, s(Ax)
can be transformed to the two-parameter quantized enveloping algebra
Ut (sl). Indeed, the isomorphism from U, (sl.,) onto H, s(A) is the
direct limit of the isomorphisms from U, (sl, 1) onto H, ,(A,).

First of all, one can prove the following result, which induces a ho-
momorphism from UTJ:S (sloo) into H, s(Ax)-

Lemma 2.2. Let o; € P correspond to the simple module S;, then we
have the following identities in H, s(Ax).

2 2 2
aja — (r+ s)aaipi0y + rsaaf =0,

O‘iO‘?H = (r+s)aioiain + 7’8041'042-2“ =0,
fori=1,2,3,---.
Proof: Note that we can regard «;,a;;; as elements of the two-

parameter Ringel-Hall algebra H, ((A;+1), which is a subalgebra of
H, (As). By the result in [33], we know that these identities hold
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in the algebra H,  (A;+1). Therefore, we have proved the result as
desired. O

Now we have the following result which relates Ringel-Hall H, ;(Aw)
to the algebra U, (sl).

Theorem 2.7. The map
n.e —q;
extends to a Q(r, s)—algebra isomorphism

n: Ut (sle) — Hyo(Ax).

Proof: (The proof is essentially borrowed from [24] and we include
it for completeness. See also [33]). First of all, note that the quantum
Serre relations of Uf(sl.) are preserved by the map 1. Thus the
map 7 does defines an algebra homomorphism from the two-parameter
quantized enveloping algebra U (sl.) into the two-parameter twisted
Ringel-Hall algebra H, (A ). Now it suffices to show that the map 7
is indeed a bijection.

We first show that the map 7 is surjective by verifying that the
algebra H, ;(A) is generated by the elements u; which correspond to
the irreducible representation S; of the infinite quiver A.,. Let u, be
any element in H,  (A), then we can regard u, as an element of a
certain subalgebra H, (A,). Thus we can restrict our proof to the
subalgebra H, s(A,). As a result, we have the following:

m

1
U = (H .—!)Ug(al) . -u;‘f:m).
i=1 [a(z)]e(ai) 1

Now we need to prove that u, is generated by u; for any « corre-
sponding to an indecomposable representations. We prove this claim
by using induction. Note that {(«, «) = 0, thus we have the following

Uy = u‘fl - -u,d;‘ — Z s<’3’5>u5.
B#o dimB=dimo

However, one sees that the dimension of the module us is less than
the dimension of the module u,. Thus by induction on the dimension,
we can reduce to the case where dim(u,) = 1. In this case, the only
possibility is that u, = u; for some 7. Thus we have proved the state-
ment that every u, is generated by w;, which further implies that the
map 7 is a surjective map. We also note that the map 7 is a graded
map.

Finally, we show that the map 7 is also injective. Recall that A =
Q[r, s](r—1,s—1) denote the localization of the polynomial ring Q[r, s] at
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the maximal ideal (r —1,s—1). Then we know that A = Q[r, s]—1,5-1)
is a local ring with the residue field Q and the fractional field Q(r, s).
Let U} denote the free A—algebra generated by the generators e;
subject to the quantum Serre relations holding in U, (sls). Also let
Ug (sls) denote the universal enveloping algebra of the corresponding
nilpotent Lie subalgebra n™ of sl defined over the base field Q. Then
we have the following

Uf(sle) = Q(r,s) @4 U}, U (sle) = Q@4 Uj.

For any 3 € Z®N, we have the following result via Nakayama’s
Lemma

dimo(Q®@4U}))s
dim@(r,s) (Q(h S) ®~A Uj>5
dimar,s) Uyt (5150) 5
dim@(r,s) Hr,s<AOO)B'

dimqUy (s10)5

v

v

Using Corollary 2 in the reference [28] and the PBW-theorem, we
also have the following result:

dimQUé(ﬁ[m)g = dim@(T,S)HﬁS(AOO)ﬁ'

Thus we have proved that the map 7 is injective. Therefore, the map

n is an algebra isomorphism from U7, (sls) onto H,  (A) as desired.
O

O

Based on the previous theorem, the following corollary is in order.

Corollary 2.2. The algebra U/ (sl) has a Q(r, s)—basis parameter-
ized by the isomorphism classes of all finite dimensional representations
of the infinite quiver A. In particular, we have

U (sloe) = Tim Uy (sl 1)

n—oo

O

Corollary 2.3. All prime ideals of U (sl) are completely prime
under the condition that the multiplicative group generated by r,s is
torsion-free.
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3. THE EXTENDED TWO-PARAMETER RINGEL-HALL ALGEBRAS
H, 5(A)

For the purpose of realizing the Borel subalgebra U7 (sl) of the
two-parameter quantum group U, s(sl ), we define the extended Ringel-

Hall algebra H, ,(A) by adding the torus part. In particular, we show
that there is a Hopf algebra structure on this extended two-parameter
Ringel-Hall algebra H, (A ); as a result we prove that UZ0(sl.) is iso-

morphic to the extended two-parameter Ringel-Hall algebra H, (A)
as a Hopf algebra. Similarly, we can use an extended two-parameter
Ringel-Hall algebra to realize the Borel subalgebra U=(sl,,). There-
fore, we will obtain a PBW-basis of two-parameter quantum group
Ups(sls).

3.1. Extended Ringel-Hall algebras H, ;(A). Let us define H, ;(A)
to be a free Q(r, s)—module with the following basis

{kouy | @ € Z[I], X € P}.

Moreover one will define an algebra structure on the module H, (Ax)
as follows.

Ugllg = Z s~ Ffj*uﬁ “Duy, for anya, 3 € P,
AP

kqug = r<’3’°‘>s’<a’5>u5ka for any « € ZI[I],p € P,

koks = kgk, for any «,f € Z[I].

Indeed, we have the following

Proposition 3.1. For any elements x,y, z € Z[I] and «, 3,7 € P, we
have the following

[(kxta) (kyup)| (ki) = (keua)[(kyus) (kouy)].

In particular, with the above defined multiplication, H, s(Ax) is an as-
sociative Q(r, s)—algebra.

Proof: Once we choose z,y, z, and «, 3,7, we can restrict to the
subgroup H, s(A,) of H,s(Ax) for some m. Since H,4(A,,) is an
associative algebra with the restricted multiplication, thus we have
proved all the statements. O

Furthermore, we have the following result.

Theorem 3.1. The map n extends to a Q(r, s)—algebra isomorphism
from UZ(sls) onto H,(As) via the map n(w;) = k; and n(e;) = uq,.
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Proof: The proof is straightforward. O
As a result, we have the following description about a basis for the
algebra U (sl)

Corollary 3.1. The set BT = {won (uy) | « € ZIN|,\ € P} is a
Q(r, 5)—basis of U7 (sls).
O

3.2. A Hopf algebra structure on H, (A.). Now we are going
to introduce a Hopf algebra structure on the extended two-parameter

Ringel-Hall algebra H,  (A~). In particular, we have the following
result.

Theorem 3.2. The algebra H, ;(Ax) is a Hopf algebra with the Hopf
algebra structure defined as follows.

(1) Multiplication:

UgUg = Zs‘<a’5>ggﬁu,\ forany o, € B,
AEP

kqug = 7“<’8’0‘>s_<0"5>u5k:a forany o €Z[I],p€P,
koks = kgko  for any o, € Z[1].
(2) Comultiplication:
A(uy) = Z r{B) az%ggﬁuakg ®ug forany A€EP,
a,BEP A
A(ky) = ko @ ky  for any o € Z[I].

(3) Counit:
€(uy) =0 forall N#0 and e(lky,) =1 forany «€P.
(4) Antipode:

m SN
o(uy) = 5,\,0+§ (=1)™ x E: (rs ™))
mzl 71'67),)\1,)\2,"'7)\77167)1
Axy QX A ™

—gAlA..,\mgM...Amk—,\Un
ay

for any element A € P and

o(ka) =k_o forany o€ Z[I].
In particular, we have the following

H,(Aw) = lim H,,(A,)

as a direct limit of Hopf subalgebras.
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O

The proof of the above theorem consists of a couple of lemmas which

can be proved as the finite dimensional case. And we refer the reader
to [33, [34] for more details. Namely, we have the following lemmas.

Lemma 3.1. The comultiplication A is an algebra endomorphism of
H, s(Ax).

O
Lemma 3.2. For any A\ € P, we have the following
(o @ 1)A(ur) = oxo
and
Wl @ a)A(uy) = dxo-
O

3.3. A Hopf algebra isomorphism from U7)(sl,;) onto H,  (A).
In this subsection, we will prove that the Borel subalgebras Ufso(sloo)
and U=)(sl.) of the two-parameter quantum group U, (sls) can be
realized as the extended two-parameter Ringel-Hall algebra H, (A)

and H;-1,-1(Ax) as Hopf algebras. As a result, we shall derive a
PBW-basis for the two-parameter quantum group U, (sl).

Theorem 3.3. We have that
Up (stoo) 2 Hy(Asc)
and
UED(she) & Hyor -1 (Asc)
as Hopf algebras.

O
Let B~ denote the Q(r, s)—basis constructed for the algebra U= (sls)

via the Ringel-Hall algebra H-1,-1(Aw), then we have the following:

Corollary 3.2. The set BT x B~ is a Q(r,s)—basis for the two-
parameter quantum groups U, s(sly).

O
Furthermore, we have the following result, which provides a bridge
from the finite dimensional case to the infinite case.
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Theorem 3.4. The two-parameter quantum group U, s(sls) is the di-
rect limit of the direct system {U, s(sl,4+1) | n € N} of the Hopf subal-
gebras U, s(sly11) of Uy s(sls) . That is

Urs(sloo) = lim U, s(8l41)-

n—oo

In particular, we have

U (sl) = Tim U (slyin),

UBS(E[OO) = lim U£s<5ln+l)>
’ n—oo

(o 41)

UZ0(sly) = lim UZ0(sl,41),
’ n—00 ’

U=(slye) = lim U=0(sl,,1).
’ n—o0o ’

Proof: It is obvious that U, 4(sl,41) are Hopf subalgebras of U, 4(sl)
and U, 4(8l,,41) for m > n. In addition, any element of U, s(sl) is an
element of a certain U, 4(sl,+1). Thus we are done with the proof. O

4. MONOMIAL BASES AND BAR-INVARIANT BASES OF U (sl..)

In this section, we study various bases of U, (sl.) via the theory of
generic extensions. Note that the construction of monomial bases using
generic extension theory for the Ringel-Hall algebras of type A, D, E
has been done in [9]. The idea of the construction is to use the monoidal
structure on the set M of isoclasses of finite dimensional representa-
tions of the corresponding quiver Q@ and the Bruhat-Chevalley type
partial ordering in M. Note that the arguments used in [9] can be
completely transformed to the case of sl,. Therefore, we will state
most of the results for monomial bases without much detail. For the
details, we refer the reader to [9], 24].

For the reader’s convenience, we will recall the necessary details
about the the generic extensions from [9, 24]. Note that there ex-
ists a bijective correspondence between the set of positive roots ®* of
the root system ® associated to sl,, and the set of isoclasses of finite
dimensional indecomposable representations of A,,. For any 3 € &7,
we will denote by M(B) = My(B) the corresponding indecomposable
representation of A,,. By the Krull-Remak-Schmidt theorem, we shall
have the following

M) = Mp(\): = @ AMB)Mi(5)
Bed+

for some function A\: & — Ny with a finite support. Therefore, the
isoclasses of finite dimensional representations of A, are indexed by
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the following set
A = {\: ®* — Nwith a finite support} = N¥®"

From now on, we will use the set A to index the objects of the category
A —mod.

Next, we are going to recall some information about generic exten-
sions of representations of Dynkin quivers. We should mention that
all the arguments used in the finite dimensional cases of type A, D, E
can be transformed to the sl.,. We refer the interested reader to the
references [9, 24] for details.

Let us fix k to algebraically closed. Let us denote by Q = (Qy, Q1)
the quiver Ay. Fix a d = (d;); € N¥*" and we may choose n large
enough so that d can be regarded as an element in Njj. For any given
d, we can define an affine space as follows

R(d) :R(Q,d): = H Homk(k.dt(a)’kdha> o~ H kdtatha.

acQy a€Qq

Thus, a point © = (2,), of R(d) determines a finite dimensional repre-
sentation V(z) of @ = A.,. The algebraic group GL(d) = [[\_, GLg, (k)
acts on the space R(d) by the conjugation

(gi)i - (Ta)a = (gh(a))xagt_(i))a'

and the GL(d)—orbits O, in R(d) correspond bijectively to the iso-
classes [V (z)] of finite dimensional representations of Q with the di-
mension vector d. The stabilizer GL(d), = {g € GL(d) | gv = 2} of
is the group of automorphisms of M: = V(z) which is zariski-open in
Enda, moa(M) and has a dimension equal to the dima, —moa(M). It
follows that the orbit O,;: = O, of M has a dimension

dimQy = dimGL(d) — dimEnda, —mea(M).

Now we have the following result, whose proof is the same as the one
in [24].

Lemma 4.1. For z € R(dy) and any y € R(d2), let £(O,,O,) be the
set of all z € R(d) where d = dy + da such that V(z) is an extension
of some M € O, by some N € O,. Then £(O,,O,) is irreducible.

O
Given any two finite-dimensional representations of M, N of the in-
finite linear quiver A, let us consider the extensions

0O—N—L—M-—70
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of M by N. By the lemma, there is a unique (up to isomorphism) such
extension G with dimQO¢ being maximal. We call G the generic exten-
sion of M by N, and denoted by M x N. For any two representations
M, N, we say M degenerates to N, or that N is a degeneration of M,
and write [N] < [M] (or simply N < M) if Oy C Oy which is the
closure of Oy;. Note that N < M if and only if Oy C O \Oyy.

Similar to the result in [9, 24], one knows that the relation < is
independent of the base field k and it provides a partial order on the
set A via setting A < p if and only if Mi(\) < My(u) for any given
algebraically closed field k.

Using the same arguments as in [9) 24], we shall have the following
result.

Theorem 4.1. (1). If0 — N — E — M — 0 is exact and
non-split, then M & N < E.
(2). Let M,N,X be finite dimensional representations of the quiver
As. Then X < M % N if and only if there exit M < M,N' < N
such that X is an extension of M' by N'. In particular, we have M’ <
M, N <N= M xN < M=xN.
(8). Let M be the set of isoclasses of finite dimensional representations
of As and define a multiplication x on M by [M][N] = [M % N] for
any [M],[N] € M. Then M is a monoid with identity 1 = [0] and the
multiplication * preserves the induced partial ordering on M.
(4). M is generated by irreducible representations [S;],i € I subject to
the following relations

(1) [Ei] * [E}] = [E;][E)] if i, ) are not connected by an arrow,

@) [B] + [E))  [E) = [B] * [B] « [E)] and [B}] « [B] « [B;] =

[E;] % [Ej] * [E}] if there ezists an arrow from i to j.

O

In addition, let us denote by U; the Q[q]—algebra generated by

E;, 7 € I subject to the relations
(1) E;E; = E;E; it i, j are not connected by an arrow,
qE?E; = 0 if there exists an arrow from i to j.

Let H,(Aw) denote by the generic Ringel-Hall algebra defined over Q|g]
associated to the infinite quiver A..

Adopting the same argument in [24], we shall further have the fol-
lowing result.

Theorem 4.2. The following algebras are isomorphic.
(1) The monoid ring M.
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(2) The Q—algebra with generators i € I and relations
(a) ij = ji if i and j are connected by arrow,
(b) iji = iij and jij = ijj if there is an arrow from i to j.
(3) The specialization Uy of U to q = 0.
0 q
(4) The specialization Hy(Ax) of Hy(Ax) to g =0.

O

Let us denote by €2 the set of all words formed by letters in . It is

easy to see that for any given word w = wy - - - w,, € 2, we can set the
following finite dimensional representations of A

M(w) = Sy, % Sy %+ %Sy .

Note that there is a unique M (p(w)) € As —mod such that M (w) =
M (p(w)), which enables us to define a function as follows

p: Q — Ay — mod,w — M(p(w)).
Furthermore, we shall have the following result on this function.
Theorem 4.3. The map p induces a surjection
p: Q — A — mod.

Proof: Once again, we can restrict the function to a certain subcat-
egory A,,—mod, where the property holds. O

Therefore, p induces a partition of the set 2 = UyeaQ2) with Q) =
p~ (). We will call each Q2 a fiber of the map p.

Now we are going to recall some information on the partial ordering
<. Letw =111, beaword in (2. Then w can be uniquely expressed
in the tight form w = ji* --- j;* where e, > 1,1 <r <t, and j, # jr41
for 1 <r <t—1. A filtration

O=M,CMy,C---MiCMy=M

of a module M is called a reduced filtration of type w if M,_,/M, =
e Sy, for all 1 < r < t. Note that any reduced filtration of M of
type w can be refined to a composition of M of type w. Conversely,
given a composition series of M, there is a unique reduced filtration
of M. Let us denote by ¢ () the Hall polynomial ¢, () where
M(p,) = e.S,. Let us denote by v, (gx) the number of the reduced
filtrations of My (\) over the base field k£ when £ is a finite field. A word
w is called distinguished if fy&(w) = 1. Note that w is distinguished if
and only if, for some algebraically closed field k, My (p(w)) has a unique
reduced filtration of type w. Similar to [9], we have the following
results.
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Lemma 4.2. (See also Lemma 4.1 in [9]) Let w € Q and u > X in
A. Then ot # 0 implies ) # 0.
O

Theorem 4.4. (See also Theorem 4.2 in [9]) Let \,u € A. Then
A < if and only if there exists a word w € p~'(p) such that ), # 0.

O

Lemma 4.3. (See also Lemma 5.2 in [9]) Every fiber of p contains
a distinguished word.

O
Let us define [[e,]]' = [[1]-- - [[eo]] with [[m]] = % Then we
shall have the following result.

Lemma 4.4. (See also Lemma 6.1 in [9]) Let w € Q be a word with
the tight form ji*---j;*. Then, for each A € A,

t
901)1\1 (T - ’yw H

r=1

In particular, p5") = T1L_,[len)) if w is distinguished.

O
For any given word w = i; - - - ¢, € {2, we can associate a monomial

Uy = Wiy -~ Ui, € Hy s(Aso).

Proposition 4.1. For any w € Q with the tight form ji*---j;*, we
have
t

wo =Y wulrs un= [l Y vnlrs™Hu

A<p(w) r=1 A<p(w)

Moreover, the coefficients appearing in the sum are all nonzero.

As a result, we shall have the following theorem.

Theorem 4.5. For each given A € A, let us choose an arbitrary word
wy € p~Hw). Then the set {u,, | N\ € A} is a Q(r,s)—basis of
H, (Ax). Moreover, if all the words are chosen to be distinguished,
then this set is a Z[r, s](r—1,s—1)—basis of HT78<AOO)Z[T781(T71,571>'

O
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4.1. A bar-invariant basis of U/ (sl.). It is easy to see that the
algebra U (sl.,) admits a Q—linear involution defined as follows

T=s,5=r¢ =¢;foralli € I.

And we will refer this involution as the bar-involution. In this subsec-
tion, we will construct a bar-invariant basis for U, (sl).

Denote by [M, N| = dimHom(M, N) and [M, N]* = dimyExt' (M, N).
Let us set ¢y y = S[X’X}*[M’NH[M’NP*[M’M}*[N’N}FﬁN(7"8*1). It is ob-

vious that the same proof in [24] shall yield the following result.

Proposition 4.2. Let us write u, = ZB wgug, then we have

(1) wg =0 unless f < a, and wy =1,
(2) if uo, = M@®N for finite dimensional representations M, N with
[N, M] =0=[M,N]', then

Wg = E w]\]\j[[,w%/ C(]Xw/N/ s
M'<M,N'<N

(3) if uy is an exponent of a finite dimensional indecomposable rep-
resentation, then

wg = S[Uﬁvuﬁ}l _ Z T[u%u,y]lwg,
B<y<a
(4) w§ € S[UE:UB}*[Ua,Ua]Z[TSfl]'

]
Furthermore, using the arguments in |21} 24], we shall have the fol-
lowing result on a bar-invariant basis of the algebra U, (sl).

Theorem 4.6. For each isoclass «, there exists a unique element
Co € Ug + 5 ' Zlrs,r 's71 s|[B\{ual)

such that C, = C,,. Write C, = Zﬁ Cgup, we have
(1) ¢§ =0 unless B < a, and (§ =1,
(2) ¢§ € slugsusl—luaual 7y g =1
(3) Denote by fg(v) € Zlv,v™'] the specialization of (§ to a =v =

s~ we have

G = (sl ol G (s ),

O
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